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Abstract. Asymptotics of solutions to Schrodinger equations with singular magnetic and elec- 
tric potentials is investigated. By using a Almgren type monotonicity formula, separation of 
variables, and an iterative Brezis-Kato type procedure, we describe the exact behavior near the 
singularity of solutions to linear and semilinear (critical and subcritical) elliptic equations with 
an inverse square electric potential and a singular magnetic potential with a homogeneity of 
order —1. 



1. Introduction 

In quantum mechanics, the hamiltonian of a non-relativistic charged particle in an electro- 
magnetic field has the form (— zV + A) 2 + V, where V : M. N — ► R is the electric potential and 
A : R N — > Mr is a magnetic potential associated to the magnetic field B = curl A. For N — 2,3, 
"curl" denotes the usual curl operator, whereas for N > 3 by B = curl A we mean the 2-form 
(Bjk) with Bjk := djAk — dkAj, where A= (Aj)j—i t .., t jsr. Linear and nonlinear elliptic equations 
associated to electromagnetic hamiltonians have been the object of a wide recent mathematical 
research; we quote, among others, pi \7\ \8\ \9\ \W\ [17] . 

In this paper we are concerned with singular homogeneous electromagnetic potentials (A, V) 
which make the operator invariant by scaling, namely of the form 

AC— ) a(-) 
A(x) = ^- and V(x)=-^f- 
\x\ \x\ 2 

in R N , where N ^ 2, A £ C 1 ^" 1 , R N ), and a E L°° (§ N ~ x , K). A prototype in dimension 2 is 
given by potentials associated to thin solenoids: if the radius of the solenoid tends to zero while the 
flux through it remains constant, then the particle is subject to a 5-type magnetic field, which is 
called Aharonov-Bohm field. A vector potential associated to the Aharonov-Bohm magnetic field 
in R 2 has the form 

(1) A(x 1 ,X2) = a(-^,-p-), (x 1 ,x 2 )eM 2 , 
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with a <G K representing the circulation of A. around the solenoid. We notice that the potential 
in fl} is singular at 0, homogeneous of degree —1 and satisfies the following transversality condition 

A(0)-0 = O for all 9 G S N ~ 1 . 

We refer to [3[ [THl H3] for properties of Aharonov-Bohm magnetic potentials and related Hardy 
inequalities. In the present paper, we consider, for TV ^ 2, a larger class of singular vector 
potentials, characterized by the presence of a homogeneous isolated singularity of order —1 and 
by the transversality (or Poincare) condition (we address the reader to [TB] and §8.4.2] for 
details about the transversal or Poincare gauge). Such a class includes, for N = 2, the Aharonov- 
Bohm magnetic potential (JTJ) . The Aharonov-Bohm potential in dimension N = 3 is singular 
on a straight line and is not covered by the analysis performed here, which only allows treating 
isolated singularities. In a forthcoming paper, we will extend the present results to potentials with 
cylindrical singularity including the 3-dimensional Aharonov-Bohm case. 

Singular homogeneous electric potentials which scale as the laplacian arise in nonrelativistic 
molecular physics, where the interaction between an electric charge and the dipole moment D <G 
of a molecule is described by an inverse square potential with an anisotropic coupling strength of 
the form 

\x\ 3 

in Mr, where A > is proportional to the magnitude of the dipole moment D and d = D/|D| 
denotes the orientation of D, see [HI [T31 [21] • We notice that the above electric potential is singular 
at and homogeneous of degree —2. 

We aim to describe the asymptotic behavior near the singularity of solutions to equations asso- 
ciated to the following class of Schrodinger operators with singular homogeneous electromagnetic 
potentials: 

We study both linear and nonlinear equations obtained as perturbations of the operator Ca.u in 
a domain fl C K containing either the origin or a neighborhood of 00. More precisely, we deal 
with linear equations of the type 

(2) £a,o,u = h(x) u, in fi, 

where h e Lfg c (il \ {0}) is negligible with respect to the inverse square potential \x\~ 2 near the 
singularity, and semilinear equations 

(3) C A , a u(x) = f(x,u(x)) 

with / having at most critical growth. 

Regularity properties of solutions to Schrodinger equations with less singular magnetic and 
electric potentials have been studied by several authors. In particular, in [7|, boundedness and 
decay at 00 of solutions are proved in dimensions N 3 for L^ oc magnetic potentials and electric 
potentials with L N / 2 negative part. It is also worth quoting [TH] and [T7], where, in dimensions 
N 3, local boundedness and, respectively, a unique continuation property are established under 
the assumption that the electric potential and the square of the magnetic one belong to the Kato 
class. In [18 continuity of solutions is also obtained under restricted assumptions on the potentials. 
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Due to the presence of a more strong singularity which keeps potentials in £a,o out of the Kato 
class, it is natural to expect that solutions to equations ([2]) and ([3]) behave singularly at the origin: 
our purpose is to describe the rate and the shape of the singularity of solutions, by relating them to 
the eigenvalues and the eigenfunctions of a Schrodinger operator on the sphere S^ -1 corresponding 
to the angular part of £a,o- 

As remarked in [TTJ[T3] for the case A = (i.e. no magnetic vector potential), the estimate of the 
behavior of solutions to elliptic equations with singular potentials near the singularities has several 
important applications to the study of spectral properties of the associated Schrodinger operator, 
such as essential self-adjointness, positivity, etc. In [12], the exact asymptotic behavior near the 
singularity of solutions to Schrodinger equations with singular dipole-type electric potentials is 
established, using separation of variables combined with a comparison method. Comparison and 
maximum principles play a crucial role also in |24| , where the existence of the limit at the singularity 
of any quotient of two positive solutions to Fuchsian type elliptic equations is proved. In the 
presence of a singular magnetic potential, comparison methods are no more available, preventing 
us from a direct extension of the results of [T2l IIH] . This difficulty is overcome by a Almgren type 
monotonicity formula (see [TII14)) and blow-up methods which allow avoiding the use of comparison 
methods. 



1.1. Assumptions and functional setting. As already mentioned, we shall deal with electro- 
magnetic potentials (A.,V) in R , N ^ 2, satisfying the following assumptions: 

A(— ) a (~) 
(A.l) Alx) = — r^f— and V(x) = r-^j— (homogeneity) 

\x\ \x\ 2 

(A.2) A S C 1 (S N ~ 1 ,M N ) and a G L°°(§ N -\ R) (regularity of angular coefficients) 
(A.3) A(9)-e = for all 6 € S^ -1 . (transversality) 

Under the transversality assumption (|A.3p . the operator £a,q acts on functions u : R N — > C as 
» a (R)-|A(^)| 2 + *div sW - lA (^) A(^) 

L-A.aU = -All i-i i in — U~2l r-V- ■ V«, 

where divgjv-i A denotes the Riemannian divergence of A on the unit sphere S N_1 endowed with 
the standard metric. 

The positivity properties of the Schrodinger operator £a,o are strongly related to the first 
eigenvalue of the angular component of the operator on the sphere S^ -1 . More precisely, the 
positivity of the quadratic form associated to £a,o is ensured under the assumption 

N- 2 x2 



(A.4) A*i(A, a) > — I — - — J , (positive definiteness), 

see Lemma l2.21 where /ii(A, a) is the first eigenvalue of the angular component of the operator on 
the sphere S^ -1 , i.e. of the operator 

Lam ■— ( - i Vgiv-i + A) 2 - a. 
When dealing with the nonlinear problem (J3]) we introduce the stronger condition 
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, N — 2 x2 

(A.5) /ii(0,a) > - 

From the diamagnetic inequality it follows that /xi(0, a) ^ /t*i(A, a) with equality holding if and 
only if curlj^j = in the sense of distributions, see Lemma IA.2I In particular the assumption 
(|A.5|) is in general stronger than (IA.4|) . 

The spectrum of the angular operator La, a is discrete and consists in a nondecreasing sequence 
of eigenvalues 

/Ui(A, a) < /i 2 (A, o) < • • • < Mfe( A ; 

diverging to +00, see Lemma TA. 5 1 in the Appendix. Condition (|A.4[) is fundamental to introduce 
a proper functional setting in which to frame our analysis. Let us define T). t ' (R^C) as the 
completion of C£°(M. N \ {0}, C) with respect to the norm 

( f (\ 12 K^)l 2 \ xl/2 

(4) IMId1 i!, (r* c) ■= ( y Rjv + 1 , 2 1 dac 

It is easy to verify that 

-2/mJV t~*N 



The following lemma ensures that, under assumption (|A.4p , the space T>l' 2 (M. N , C) coincides with 
the Hilbert space originated by the quadratic form Qa,o associated to the operator £a,o 



(5) Q A ,a ■■ T>l' 2 (R N , C) -» M, Q A ,a(«) 



n - A(g/N) , 
V+i 1— ; mm 

\x\ 



1 12 hWl 



Lemma 1.1. Assume that N > 2 and (|A.2j) . (|A.3p . (|A.4|I fto/d. TTien 

■ \ • , QA,a( u ) ^ n 

«e©i' 2 (R«,C)\{o} Jr« Fl ^w(2;)| J cte 

ii) Qa a is positive definite in T>l' 2 (M. N 1 C), i.e. inf - — |^ A ' a ^ - — > 

«ex>J' 2 (R«,c)\{o} lpllx,i,2 (a )v !C ) 

iii) D*' 2 ^, C) = II^JR"), w/iere P^fR^) is the completion of C™(R N \ {0}, C) 
with respect to the norm 

1/2 

ll U lll^ 2 a (R«) := {QaA u )) ■ 

Moreover the norms \\ ■ W^.^^n q and \\ ■ Wj-,1,3 ^ RN ^ are equivalent. 

In any open bounded domain C M. N containing 0, we introduce the functional space Hi (fl, C) 
as the completion of 

{ue i/ 1 (f7,C)nC°°(fi,C) : u vanishes in a neighborhood of 0} 



SCHRODINGER EQUATIONS WITH SINGULAR ELECTROMAGNETIC POTENTIALS 



5 



with respect to the norm 



IMIffi(fi,C) = ( \\Vu\\ 2 L2{nxN) + ||u|||2 (niC) + 



u 


2 \ 1/2 


R 


L 2 (n,c) J 



It is easy to verify that 



fl*(n,c) = |uefr l (n,c) ■ A e £ 2 (ft,c)J 



If iV ^ 3, if* (ft, C) = if x (ft, C) and their norms are equivalent, as one can easily deduce from the 
Hardy type inequality with boundary terms due to [27] (see (|131|) ) and continuity of Sobolev trace 
imbeddings. On the other hand, if N = 2, if*(ft,C) is strictly smaller than i? 1 (fi,C). 
For any h satisfying 

(6) he L^ c (n\{0},C), \h(x)\ = 0{\x\- 2+e ) as |x| ^ for some e > 0, 

we introduce the notion of weak solution to |2]) : we say that a function u £ ff*-(ft, C) is a if* 1 (ft, C)- 
weak solution to (2]) if, for all w £ ff,}(ft,C) such that G L 2 (ft,C), 

Jo 

where Q : if* 1 (ft, C) x if* 1 (ft, C) -> C is defined by 



it(a:) + i — : — : — u(x) I • Vw(x) + i — : — : — w(x) I dx — / — : — — — u(x)w(x) dx 



■ r 



In an analogous way, we define the notion of weak solutions to ((3]) in a bounded domain for every 
Caratheodory function / :!lxC^C satisfying the growth restriction 



(7) 



f(x,z) 



£7,(1 + |zf~ 2 ), if N > 3, 

C/(l + \z\p- 2 ) for some p > 2 , if TV = 2 



for a.e. x G ft and for all z € C \ {0}, where 2* = is the critical Sobolev exponent and the 
constant Cf > is independent of x £ ft and z £ C \ {0}: we say that a function u £ if* (ft, C) is 
a if* 1 (ft, C)-weak solution to © if, for all w G f^ft, C) such that ^ G L 2 (ft, C), 



SA. a («,w)= / f(x,u(x))w(x)dx. 



Regularity of solutions either to @ or to ([3]) outside the singularity follows from classical elliptic 
regularity theory, as described in the following remark. 

Remark 1.2. If A G C 1 ^" 1 ,R N ), a £ L 00 ^- 1 ^), and h £ L^ c (ft\{0}), then, from standard 
regularity theory and bootstrap arguments, it follows that any if* (ft, C)-weak solution u of 
satisfies u £ (ft \ {0}) for any 1 ^ p < oo and in particular u £ C lo 'J(ft \ {0},C) for any 
t G (0, 1). The Brezis-Kato technique introduced in [3], standard regularity theory, and bootstrap 
arguments, lead to the same conclusion also for if* (ft, C)-weak solutions to ^ with / as in (J7J). 
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1.2. Statement of the main results. The following theorem provides a classification of the 
behavior of any solution u to ([2]) near the singularity based on the limit as r — ► + of the Almgren's 
frequency function (see |14j ) 

r/ [|V«W+i4W„ W | 2 _i!gMl| t ,(x)| 2 -(S!f.(x))K :C )p]<it 

(8) K * W = J 8fl >MI^S ' 

where, for any r > 0, B r denotes the ball {x € : |x| < r}. 

Theorem 1.3. Let il C l w , N ^ 2, be a bounded open set containing 0, (|A.l|t . (|A.2|) . (|A.3j) . 

(|A.4[) /ioW ; and u be a weak (ft, C) -solution to u ^ 0, with h satisfying @). Then, letting 
■N~u,h(r) as in (0), there exists ko G N, ko ^ 1, suc/j i/iai 

(9) lim A/L,h(r) 

Furthermore, if 7 denotes the limit in m 1 is £/ie multiplicity of the eigenvalue /ife (A, a), 
and {^i : jo ^ i ^ Jo + TO — 1} (jo ^ fco ^ Jo + m — lj is an L 2 (§ N ~ 1 , C)-orthonormal basis for 
the eigenspace of the operator L^a associated to /Zfe (A, a), </ien 

jo+m — 1 

(10) \-~>u(\6) — ► ^ /3iV>i(0) mC^fS^ 1 ^) as A — > + , 
and 

(11) A 1_,r Vlt(A0) — ► fr(jM0)0 + Vs"-^i{0)) in C°> T (§ N -\C N ) as\^0+, 
for any r € (0, 1), where 

(12) A 



i=3o 



R- M R6) + / * h{s6Hse) (s^- ^ ) ds 
( ' + 1 2 7 + N - 2 V i?2 7 +v-2 I as 



§AT-1 

N 



MO) dS(fi), 



for allR>0 such that Br = {x e R N : \x\ sC R} C fi and (f3 jo , /3 jo+1 , . . .,/3 jo+m _i) ^ (0, 0, . . . , 0). 

We notice that (| 1 2[) is actually a Cauchy's integral type formula for u which allows retracing 
the behavior of u at the singularity from the values of u along any circle centered at 0, up to some 
term depending on the perturbation h. 

An application of Theorem 11.31 to the special case of Aharonov-Bohm magnetic fields in R 2 of 
the form |T]) is described in section [71 

Theorem 11.31 implies a strong unique continuation property as the following corollary states. 
Moreover, if 7 > (as e.g. it happens under assumption (|A.4j) in dimension N = 2) then the 
solutions to ((2|) are Holder continuous for < 7 < 1 and Lipschitz continuous for 7 ^ 1. 

Corollary 1.4. Suppose that all the assumptions of Theorem \1.3\ hold true. Let 7 denote the limit 
in (0) and u be a weak Hl(Vl,C)- solution to (0). 

(i) Ifu(x) = 0(\x\ k ) as \x\ — > for all k <G N, then u = in ft. 

(ii) // < 7 < 1 then u e Cf oc 7 (ft, C). 

(iii) If 7 ^ 1 then u is locally Lipschitz continuous in fl. 
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We notice that the unique continuation property proved in [17j for electromagnetic potentials 
in the Kato class does not contain the result stated in part (i) of Corollary 11.41 for singular ho- 
mogeneous magnetic potentials. We also remark that the monotonicity argument used to prove 
Theorem 11.31 (see sections [5] and H]) actually applies when perturbing the magnetic homogeneous 
potential with a non singular term, namely with a magnetic potential of the form 

(is) A(x) = ^mL +h{x) 

\x\ 

where b G C 1 ^ \ {0}, C N ) satisfies |b(ar)| = 0{\x\~ 1+E ) and |Vb(x)| = 0(|x|- 2+e ) as \x\ -> for 
some e > as \x\ — > 0. For the sake of simplicity, we omit the details of case (fl~3"|) . which can be 
treated following closely the strategy developed in sections [5] and [U 

Due to the homogeneity of the potentials, Schrodinger operators C&_,a are invariant by the 
Kelvin transform, 

u(x) = \x\^ N -^u( — 



which is an isomorphism of T>l' 2 (M. N , C). Indeed, if u G Hl(Cl, C) weakly solves ([2]) in a bounded 
open set Cl containing 0, then its Kelvin's transform u weakly solves © with h replaced by 
M -4 ^(^t) in the external domain Cl = {x G H N : x/\x\ 2 G f2}. Weak solution u of problem ||3J| 
with h satisfying 

(14) h G L^ c (Cl,C), h(x) = 0(\x\- 2 - £ ) as \x\ -> +oo for some e > 0, 

in an external domain Cl (i.e. a domain Cl such that R N \ B Ro C Cl C R N \ B Rl for some 
Rq > R\ > 0), we mean a function u such that A G L 2 (Cl,C), Vu G L 2 (Cl,C N ), and 



Qji a (u,w)= / h(x)u(x)w(x) dx, 



for any w € 2V (Cl, C), where 2V (Cl, C) is the completion of C£°(Cl, C) with respect to the norm 

II II ( 1 1 T~I 11^ II u 11^ \ 

Il u lli5i- 2 (n) : = III Vu IIl 2 (^,c n ) + IIrIIl 2 (o,c)-' 

Theorem 11.31 and invariance by the Kelvin transform provide the following description of the 
behavior of solutions to ([2]) as |x| — » oo. The Almgren's frequency type function in exterior domains 
has the form 

r/ [|V«( I )+i^W»(x)| 2 -2W|»(x)| 2 -(K/.(x))|«W| 2 ]<ix 

<15) Ar " Jl(r) " uw« ' 

Theorem 1.5. Let ft C l w , N > 2, dean open set sucft t/iai l w \%cncl"\ B Rl for some 
R > Ri > 0, (jA.ip . (|A.2p . (|A.3j) , (|A.4p ftoZd, and u &e a weafc solution to zt ^ 0, zwift ft 
satisfying |J^[). Then, letting N Ut h as in H15\) , there exists ko G N. fco 3* 1, suc/i t/iat 



7V-2 lfN-2^ 2 




(16) ^Mi./.W = — 5— + \l [ —5— ) + Mfe (A, a) 

Moreover, if 7 denotes the limit in H16\) , m ^ 1 is the multiplicity of the eigenvalue /ifc (A, a), and 
: Jo ^ * *S Jo + to — 1} (jo ^ fco ^ jo + to — 1) is an L 2 (S N_1 , C)-orthonormal basis for the 
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eigenspace of the operator La, a associated to jUfc (A, a), then 

jo+m—l 

X^u(X6) — ► M>iifi) inC 1 ^^- 1 ,^) as A -> +00 



and 



A^ +1 Vu(A<9) 



jo+m-l 



J2 A(-7^(^ + Vs*-i^<(6)) mC°' T (S JV_1 ,C JV ) asA^+c 



/or every t£ (0,1), where 



R^u(R0) 



+ OC 



h(s6)u(s6) 



,7+1 _ ^>27-Af+2 s -7+ 



-7+JV-l 



f/.s 



^i{6)dS{6), 



27 - TV + 2 

/or all R> such that R N \B R C SI and (/3 J0 , /3j 0+ i, . . . , /9j 0+m _i) 7^ (0, 0, . . . , 0). 

A Brezis-Kato type iteration, see [1], allows us to obtain asymptotics of solutions also for 
semilinear problems with at most critical growth. In order to start such an iterative procedure, 
we require assumption (|A.5I) which allows transforming equation ([3]) into a degenerate elliptic 
equation without singular potentials on which the Brezis-Kato method applies successfully, see 
Lemmas 19.11 and 110.31 The iteration scheme developed in sections |9] and [10] provides an upper 
bound for solutions and then reduces the semilinear problem to a linear one with enough control 
on the perturbing potential at the singularity to apply Theorem 11.31 and to recover the exact 
asymptotic behavior, as stated in the following theorem. 

Theorem 1.6. Let O C M. N , N ^ 2, be a bounded open set containing 0, (|A.1|) , (IA.2I) . (|A.3|) . 

(|A.5|) hold, and u be a weak Hl(Q, C)-solution to (0), u ^ 0, with f being a Caratheodory function 
satisfying Ffy. Then, there exists fco G N ; fco ^ 1, such that 



(17) 



lim J^ u j(.,u)/u(r) 



N-2 



N 



/ife (A,a). 



+0 + * ' ' 2 < 

Furthermore, if 7 denotes the limit in |17[ ), m 1 is the multiplicity of the eigenvalue /Ufc (A,a), 
and {ipi : jo ^ i ^ jo + m — 1} (jo ^ fco ^ jo + m — 1) is an L 2 (E> N ~ 1 , C)-orthonormal basis for 
the eigenspace of the operator L^ a associated to /Z£ (A,a), then 



\-~>u(\6) 



ja+m—l 



i.t r&N-i 



, C) as A 



and 



jo+m— 1 



^ ft( 7 ^(0)0 + V s «-i^(0)) mC°' T (S 



(Xt/k.W-I ,p7V 



) as A -> 0+, 



/or any r S (0, 1), where 



gw-i 



R-^u{R0) 



R f(s0,u(s9)) ( x 
2 7 + N - 2 V 



7+JV-l 



/or all R > such that Br C and (Pj , Pj +i 



/8 ia+ m_l)^(0,0,. 



ds 
• 0) 



lfc(0) d5(0) 
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Similar conclusions as those in Corollarv l 1 . 41 can be deduced from the above theorem for solutions 
to semilinear equations of type ([3]): under the same assumption as in Theorem 11.61 if 7 > then 
the solutions to §5§ are 7-Holder continuous for < 7 < 1 and Lipschitz continuous for 7 ^ 1. 

The following result is the counterpart of Theorem II. 61 in exterior domains. 



Theorem 1.7. Let fl C l w , N > 2, be an open set such that R N \ B Ro C fl C E \ B Rl for some 
R > Ri > 0, (jA.lj) . (|A.2jl . (|A.3[) . (|A.5[) hold, and u be a weak solution to |0) in CI, u ^ 0, with 
f satisfying, for some Cf > 0, 



f(x,z) 



C f (\x\-* + \zr-»), ifN^3, 

C f \x\- 4 {1 + \z\p- 2 ) for some p> 2, if N = 2, 

for a.e. x € Cl and for all z £ C \ {0}. Then there exists fco G N, kg 1, such that 

N -2 



(18) 



lim Af u j(., u )/ U (r) 




N -2 



■/i fco (A,a). 



Moreover, if '7 denotes the limit in H8\) , to ^ 1 is i/ie multiplicity of the eigenvalue /ifc (A, a), and 
: Jo ^ i *S Jo + to — 1} (jo ^5 fco ^ jo + m — 1 ) is an L 2 (S l , C)-orthonormal basis for the 
eigenspace of the operator La, associated to /ifc D (A, a), i/ien 

j'o+m-l 

A^u(A0) — > Mi( e ) inC 1 ' T (S N - 1 ,C) as A -> +00 



Jo+m— 1 



A^ +1 Vii(A6») — ► ^ 7^(0)0 + Vs W -i^i (6*)) m C°' T (S Ar - 1 ,C JV ) as A -> +c 



i=3o 



for every t£ (0,1), where 



gJV-l 



R^u(R9) 



; 27 - TV + 2 



dS(0) 



/or all R> such that R N \ B R C Cl and (/3 J0 , /3j 0+ i, . . . , /% 0+m _i) 7^ (0, 0, . . . , 0). 

The paper is organized as follows. In section [2] we prove Lemma fl.ll and discuss the relation 
between the positivity of the quadratic form associated to Cx, a and the first eigenvalue of the 
angular operator on the sphere S N ^ X . In section[3]we prove a Hardy type inequality with boundary 
terms and singular electromagnetic potential, while in section 3] we derive a Pohozaev-type identity 
for solutions to Section contains an Almgren type monotonicity formula, which is used in 
section [6] together with a blow-up method to prove Theorems 11.31 and 11.51 Section [7] contains 
an application of Theorem 11.31 to Aharonov-Bohm magnetic potentials. In section [5] we prove a 
Hardy-Sobolev inequality with magnetic potentials which is needed in section |H] to start a Brezis- 
Kato iteration procedure in order to obtain a-priori pointwise bounds for solutions to the nonlinear 
equation and to prove Theorems 11.61 and 1 1 . 71 in dimension N 3. The proof of Theorems ll.6l and 
11.71 in dimension N = 2 can be found in section [TOl In a final appendix, we recall well-known results 
such as the diamagnetic inequality, Hardy's inequality with boundary terms, and the description 
the spectrum of angular operator La. a- 
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Notation. We list below some notation used throughout the paper. 

- For all r > 0, B r denotes the ball {x G : |x| < r} in M. N with center at and radius r. 

- For all r > 0, B r = {x G : |x| ^ r} denotes the closure of B r . 

- dS denotes the volume element on the spheres dB r , r > 0. 

- For every complex number zfC, Sftz denotes its real part and Qz its imaginary part. 

- For every complex number z G C, z denotes its complex conjugate. 

Acknowledgements. The authors wish to express their gratitude to the unknown referee for 
his/her helpful remarks, which stimulated them to revise and improve the paper, both in the 
results and in the exposition. 



2. POSITIVITY OF THE QUADRATIC FORM 

In this section, we study the quadratic form associated to the Schrodinger operator £a,o and 
defined in ||5j). To study the sign of Qa,o.> we define the first eigenvalue of Qa,o with respect to 
the Hardy singular weight as 

\ f A \ ■ f QA,a{ U ) 

Ai(A, a) := mi 



uevl- 2 {M»,C)\{0} J RN lj ^-dx 

and discuss the relation between Ai(A, a) and the first eigenvalue of the angular component of the 
operator on the sphere S^ -1 , i.e. of the operator 

La. a = (— i VgAr-i + A) 2 — a = — Agjv-i — (a(9) — |A| 2 + i div s iv-i A) — 2i A ■ Vgw-i. 

We notice that, by (|A.2[) . Ai(A, a) is well defined and finite. Let us introduce the Sobolev space 

(19) H 1 ^- 1 ) := {^j e L 2 (§ N -\C) : W s n-^ + iA(0)i/> G L 2 (S N -\ C N )}, 
endowed with the norm 

(20) Mfli(S"-i):= (J i [\(V&-i+iMO))W)\* + \W)\*]dS(e)\ , 

dS denoting the volume element on the sphere S^ -1 . We observe that, if A G C 1 (S N ^ 1 , R ), then 
-ffJ^S^ -1 ) is equal to the classical Sobolev space i? 1 (S JV_1 ,C) and its norm is equivalent to the 
i? 1 (S JV_1 , C)-norm, see Lemma [A. 41 in the appendix. 

Under assumption (|A.2p , the operator La,o on S^ -1 admits a diverging sequence of real eigen- 
values jUi(A, a) $J A*2(A, a) ^ • • • ^ /Ujt(A, a) • • • the first of which can be characterized as 

, 01 s fA , . J s »-i [| (Vg^ + *M0))m\ 2 - a(0)\m\ 2 ] dS(6) 

(21) m(A ' a) = s^\m?ds{e) ■ 

see Lemma IA.5I in the appendix. The relation between Ai(A, a) and /xi(A, a) is clarified in the 
following lemma. 

Lemma 2.1. If N ^ 2, (|AT2|) and (|A3|) hold, then 



Ai(A, a) = Hi(A, a) 



7V-2 x2 
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PROOF. Let i/i e if^S^ -1 ), i/j ^ 0, attaining Mi( A ,a) and let ip € C c °° ((0, +oo), M) so that 
: x i-> p(|a;|) S C^QR^ \{0},R). ffu(i) = p(|x|)^(-j§r), there holds 



and, by assumption (|A.3I) . 



V + i 



M 2 



Therefore, from the definition of Ai(A, a) it follows 



A x (A,a)Q H 



JV-1 

2 



') 



(v + i ^)„ W f-a( ft )^ 



+ 00 



r N - l \v'{r)\ 2 dr 



x il^MI 2 



JV- 



gJV-l 



M0)l 2 ds(0)J 



|^)| 2 dS(#) 

> - 

dx 

\m\ 2 dS(9^j 
[|(Vs~-i^(e) + iA(^(^)| 2 - a(0)|^(0)| 2 ] dS(0) 

-1 

r v ~ VM| 2 dr + ^(A, a) / + °° r^ 1 ^* 



Hence 



Ai(A,a) - Mi (A, a) < 



O^V(^ = ^ |V^)| 2 dx 



for every radial function S C^°(R \ {0},R). Hence by Schwarz symmetrization 



Ai(A, a) — ^1 (A, a) < 



Irn \V<p{x)\ 2 dx 
^ec™(R"\{o},R)\{o} J RN 1^101 dx 

ip radial ' ' 



inf 



inf 



Irn \Vv(x)\ 2 dx _ ( N -2 



t,ec°°(R"\{o},R)\{o} J IN £pL(|j; 

where the last identity is due to the optimality of the classical best Hardy constant for N 3 and 
to direct calculations for N = 2. To prove the reverse inequality, let u € C™(R N \ {0},C). The 
magnetic gradient of u can be written in polar coordinates as 



A(rr) 1 n(r 9) 

Vu(x) + i , 'f 7 u(a;) = (d r u(r, O))0 + -V$N-xu(r, 6) + i -±-L-L A(0), r = Id, 
\x\ r r 



x 

H 



By assumption (|A.3p , there holds 



(22) 



Vu(x) + i — u(x) 



\d r u(r, 9)\ 2 + -^\V S N-iu{r, 9)+iA{9)u(r, 9)\ 2 , 
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hence 

(23) Qa.Au) 



S»-i Wo 



r^-^dru^e)] 2 dr J dS(9) 

[\V§N-tu(r, 9) + i A(0)u(r, 9)\ 2 - a(9)\u(r, 9)\ 2 ] dS(9) ) dr. 



For all 9 € S^" 1 , let ip e e C c °°((0, +oo), C) be denned by <p e (r) = u(r,9), and !p e € C c oo (R Ar \{0}, C) 
be the radially symmetric function given by (fe(x) = tpg(\x\). If N 3, Hardy's inequality yields 



(24) 



+ 00 



1 



WJV-1 Js"" 1 \-/R N 



1 /iV-2 



da; dS(0) 



AT- 2 



s™- 1 Wo 



S«-i \-'K JV \ x \ 2 

u(r,9)\ 2 dr) dS(9) 



N -2 



» |a;| 2 



da;, 



where Wjv-i denotes the volume of the unit sphere 1 , i.e. wjv_i = Ln-i dS(9). For N = 2 
trivially holds. On the other hand, from the definition of /ii(A, a) it follows that 



(25) / [\V S N-iu(r,9) + iA{9)u(r,9)\ 2 ~a(9)\u(r,9)\ 2 ] dS(9) ^ m(A,a) / \u(r, 9)\ 2 dS{9). 
From pg]). (12"4]) , and flSSJ, we deduce that 



iV-2 



Mi ( A , a) 



l«(aOI S 



dx for all u e C c °° (R iv \ {0}, C), 



Ai(A,o) Ss 



which, by density of C™(R N \ {0}, C) in T>l' 2 (R N , C), implies 

N- 2 x2 



Mi (A, a), 



thus completing the proof. 



□ 



The relation between positivity of Qa,o and the values Mi (A, a), Ai(A, a) is described in the 
following lemma. 

Lemma 2.2. If N 2, (|A.2p and (|A.3[) ZioW, i/ien the following conditions are equivalent: 

•,1,2/TrpTV ^ , „ :„i <?A,a(w) 



i) Qa,o is positive definite inV^ (R ,C), i.e. 

ii) Ai(A, a) > 0; 

hi) m (A,a)>-(^f. 



inf 



ueci' 2 (R«,c)\{o} ||w|| c i,2 ( 



>0; 
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Proof. The equivalence between (ii) and (iii) is an immediate consequence of Lemma 12. II The 
fact that (i) implies (ii) follows easily from ((4]). It remains to prove that (ii) implies (i). One 
can proceed as in the proof of [521 Proposition 1.3]. For completeness we give here the details. 
Assume (ii) and suppose by contradiction that (i) is not true. Then for any e > there exists 



u e e v 



C) such that 



Qx,a{u e ) < e||u e ||^i, 

<2(||A|| 2 C 
and hence, for e small, 



A, A 



1 



1 )e 



A(x/\x\) 



u(x) 



\u{x)[< 



dx 



l-2e(||A|| 



1 



a) < 



2 £ (||A||2 oo(SN _ l! 



1) 



l-2e(||A|| 2 LOO(§ „_ li 



1) 



On the other hand, from the characterization of Ai (A, a) given in Lemma 12. 1[ we have that the 
map a i— ► Ai(A, a) is continuous with respect to the L°°(§ Ar_1 )-norm and hence, letting e — > 0, we 
obtain Ai(A, a) ^ 0, a contradiction. □ 

The previous lemma allows relating T>l ,2 (Wi N , C) with the Hilbert space T>Z a (TBL N ) generated by 
the quadratic form Qa,o> thus proving Lemma ll. II 

Proof of Lemma 11.11 i) follows from Lemma 12.11 and assumption (|A.4I) . ii) is a direct 
consequence of Lemma [2.21 and (IA.4I) . From ii) we deduce that (<5A,a(')) 1 ' 2 defines a norm in 
C c °°(R Ar \ {0}, C) which is equivalent to || • || p i,2 (RJV . c) . Hence completion of C£°(R N \ {0}, C) with 
respect to the norms (Qa^I')) 1 ' 2 and || • ||pi,2( R iv q yields two coinciding spaces with equivalent 
norms. □ 

By Hardy type inequalities, it is possible to compare the functional space 2?i' 2 (R Af ,C) with the 
classical Sobolev space V 1 ' 2 (M. N ,C) defined as the completion of C^°(M. N , C) with respect to the 
norm 

u||£>l,2(RJV iC ) 



/ I Vu(ie) | 2 (fa; 
Jr n 



and with the space T>]^ 2 (M. N ) given by the completion of C^°(IR Ar \ {0},C) with respect to the 
magnetic Dirichlet norm 

2 v 1/2 



ll M llx>^ 2 (R") : ~ 



Vu(x) + i 



.A(x/\x\) 



u(x) 



dx 



The presence of a vector potential satisfying a suitable non-degeneracy condition, allows recovering 
a Hardy's inequality even for N = 2. Indeed, if N = 2, ([A3]) holds, and 

1 f 2 * 

(26) <1>a := — / a(t) dt where a(t) :— A(cost,sint) • (— $int, cost), 

2tt J 



then functions in Z?^ 2 (R 2 ) satisfy the following Hardy inequality 



(27) 



min \ k — $a 

fcez 



\u(x)f 



dx ^ 



Vu(x) + i 



A{x/\x\) 



u(x) 



dx 
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being ^niiiifcgz \k— &a\J the best constant, as proved in 19J . It is easy to verify that, for N = 2, 

CW(t)+ia{t)m\ 2 dt 



/ii(A, 0) = min 



•0(O)=V(2^) J ° 

where a(t) := A(cosi,sini) • (— sint, cos t). Furthermore, /ii(A, 0) > if and only if (J2SJ) holds. 
Combining Lemma fe.ll (in the case N = 2 and a = 0) with [19], we conclude that, for N = 2, 



(28) 



Mi(A,0) = ( rnin|fc-$ A | 



Lemma 2.3. 

(i) If N > 3 then T>l' 2 (R N , C) = V 1 ' 2 (R N ,C) and the norms \\ ■ || P i,2 (RN c) and || • || x ,i,2 ( 
are equivalent. 

(ii) //A € C 1 (S iV - 1 ,R Ar ) and either N ^ 3 or TV = 2 and i fO]) . (gg]J ZioZd, ffcen Vl' 2 (R N , 



V 



™£/i equivalent norms. 



PROOF. By classical Hardy's inequality, for N ^ 3 the norms || • ||x)i> 2 (B N ,c) an d II ' llx>i' 2 (Riv c) 
are equivalent over the space C%°(R N \ {0}, C). The proof of i) then follows by completion after 
observing that, for N ^ 3, C™(R N \ {0}, C) is dense in X* 1 ' 2 ^, C). 
In order to prove ii), let us consider u € C™(R N \ {0}, C). Then 



IMIp 1 ' 2 ^) 



< ||Vu|| £ 



■ Mx/\x\) 



L 2 (R N ,C N ) 

2 \V2 



^ II Vu||L2( R N C iV) + 



A(x/\x\), 



L 2 (R N ) 



2/mN fN\ 



( f M 2 V 

sup |A| / —— dx ^ constHwll—i, 
s«-i \Jm \ x \ J 



On the other hand, by the diamagnetic inequality in Lemma lA. 11 classical Hardy's inequality for 
N ^ 3, and ([27J for N = 2, we have 



\ u \\v 1 - 2 (R N , 



< IMIl? 1 . 2 



|Vu| 



L 2( K JV )C JV 



■ Hx/\x\) 
Vu+i , u 



( f M 2 V /2 

■ sup |A| / dx < Hullpi.2^^ + const || V|u||| i 2 (R iv iC iv ) 

s«-i \Jr" Fl / A 



L 2 (R«,C N ) 



A(z/M). 



L 2 (R N ,C N ) 



(1 + const) ||u||x>^ 2 (r«). 

The above inequalities show that || • H—i^,,^ „, and || • IIt) 1 ' 2 ™.^ are equivalent norms over the 



space C^°(K \ {0}, C). The proof of the lemma then follows immediately from the definition of 
the spaces Vl' 2 {R N , C) and V)?(R N ). □ 



3. A Hardy type inequality with boundary terms 



We extend to singular electromagnetic potentials the Hardy type inequality with boundary 
terms proved by Wang and Zhu in [STJ (see Lemma [A. 3 1 in the Appendix). 
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Lemma 3.1. If N > 2, (|AT2|) and ([A~T3|) hold, then 



(29) 



V + i 



A(x/\x\) 



v/\x\) 



> Uti(A,a) 



dx 



N -2 



N -2 



2r 



>dB r 

\u(x)\ 2 



\u(x)\ 2 dS 



dx 



for all r > and u £ Hl(B r , ( 



PROOF. By scaling, it is enough to prove the inequality for r = 1. Let u e C°°(Bi, C)ri-ff*(-Bi, C) 
with ^ suppu. Passing to polar coordinates and using (f2"2")l . we have that 



(30) 



V +i 



A(a:/|x|) 



s"- 1 \./o 



1 r iv-i 



r^lft-ufc 6»)| dr) dS(9) 



l ( x /\ x \) 
\x\* 



dx 



N -2 



2 

N -2 



dBi 



\u(x)\ 2 dS 



g]V-l 



\u{l,6)\ 2 dS{6) 



§W-1 



[I V§N-iu(r, 9) + i A(6)u(r, 6)\ 2 - a(6)\u(r, 9)\ 2 } dS{6) ) dr. 



For all (9 e S w -\ let tp e e C c °°((0, +oo),C) be defined by ^ e (r) = u(r,0), and£ e G C c oo (R A '\{0}, C) 
be the radially symmetric function given by <pg(x) — tpg(\x\). The Hardy inequality with boundary 
term proved in [27) (see Lemma lA. 31 in the appendix) yields, for TV ^ 3, 



(31) 



N — 9 

^-^dru^e^ 2 dr + -^\u(l,9)\ 2 ) dS(9) 



x ( f Q r^Hir)] 2 dr + dS (9) 



|V^(a;)| 2 da;- 



N - 2 



\tp e {x)\ 2 dS)dS(9) 



1 fN-2 



U)N-1 



\M^L dx]dS {9) 



N -2 



|w(r, 6»)| 2 dr ] dS(0) 



1 r JV-l 



N - 2 



Ks)l s 

Bl M 2 



dx. 



On the other hand, (J3TJ) trivially holds also for N = 2. From ([30]). ([31]). and p5]l. we deduce that 



V +2 



A(z/M) 



a(x/|x|) 



dx 



iV-2 



|u(x)| 2 dS 



iV-2 



■ ^i(A, a) 



Kx)| 5 



dx for all u € C°° (Bi , C) n ff* 1 (Bi , C) with £ suppu, 



Bi 



which, by density, yields the stated inequality for all Hl(B r , C)-functions for r = 1. 



□ 
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Remark 3.2. In view of (|28|) , Lemma I3TT1 for N = 2 and a = yields 



I, 



V + i 



A(x/\x\) 



dx > ( min Ifc — &a\) ( 

V fcez 7 J £ 



\u{x)[' 



dx 



for all r > and it e Hl{B r ,C)- 



4. A POHOZAEV-TYPE IDENTITY 

Solutions to ([2]) satisfy the following Pohozaev-type identity. 

Theorem 4.1. Let VL C 1 w , N ^ 2, &e a bounded open set such that G f2. Lef a, A satisfy 
i (A.2)) . and u be a weak ii^(f2,C) -solution to 0) m ; wrai/i ft. satisfying Tften 



(32) 



AT-2 



B r L 



V +i 



.A(x/\x\) 



a(x/\x\) 



dx 



V + i 



A(x/\x\) 



a(x/\x\) 



dS 



dB r 



du 



dS 



di(h(x)u(x) (x ■ Vu(i))) dx 



for all r > such that B r = {x E M. N : \x\ ^ r} C where v — v(x) is the unit outer normal 

vector v(x) = f^. 
v ' fI 



Proof. Let r > such that £L C f2. Since 



V +i 



A(x/|x|) 



2 M 2 



c9« 
9f 



dS 



ds 



V + z 



A(a7>|)' 



)■ 


2 




<9u 


2- 


4 


M 2 







dx < 



there exists a sequence {5 n }„gN C (0, r) such that lim n _> +00 5„ = and 

A( x /\x\y 



(33) 



V + i- 



)» 


2 




9m 


2-i 


4 


M 2 


<9i/ 





dS* — > as n 



-co. 



From classical regularity theory for elliptic equations, u G W]J%(Sl \ {0}) for all p € [l,oo) and 
u G C lo 'J(fi \ {O}) 1 ^) for any r G (0, 1) (sec Remark H~2|) . hence we can multiply equation ([2]) by 
x ■ V'u(ar), integrate over B r \ -B,5 re , and take the real part, thus obtaining 



(34) 



5R(Vu(ar) • V(x • Vu(i))) dx 

B r \B Sn 

A(x/|x|) 

B r \B Sn \ x \ 



A(^)| 2 -«(^) 



9 (u(x)V(Vu(x) ■ x)) dx + 



\x\* 
A(x/\x\) 



9l(u{x) (x ■ Vu(i))) 



3 I (Vu(i) • i)Vit(i) ) dx 



dB r 



du 



dS — S n 



dB Sn 



du 



dS 



B r \B Sn 



^St(h(x) u(x)(x ■ Vu(x))) dx. 
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Integration by parts yields 



(35) / Vtt(a)-V(x-V«(x))di = -(JV-1) / |Vw(x)| 2 dx + r / \Vu{x)\ 2 dS 

'B r \B Sn JB r \B s 

N 



-S n f \Vu(x)\ 2 dS- V f 



<9u <9 2 1t 

3/ -j _ ~ ~ ax . 



~~i JB r \B Sn 3 9xi dxidxj 



A further integration by parts leads to 



JV 

E 



JB r .\B Sn 3 dXi dXidXj 



c . n d ^ clr =-N I \Vu{x)\ 2 dx + r I \Vu(x)\ 2 dS 

B r \B 5n JdB r 



„ / |Vu(z)| 2 <iS- £ / 



<9m <9 2 m 

-j ~ ~ ~ (XX 



i JB r \B Sn 3 9xi dxidxj 



and hence 



(36) J2 f *(* 

ij=1 JB r \B Sn V 



du d 2 u 
3 dxi dxidxj 



dx 



Collecting (|35jl and ([36]) we obtain 



JV 



|Vu(a;)| 2 <i:r 



'■ / _ . |2 - -. Sn 



dB r 



\Vu(x)\'dS- 



9B Sn 



\Vu(x)\ 2 dS. 



(37) / 9?(Vu(x) • V(x • Vu(x))) 

JB T \B Sn 

N — 1 r 

' \Vu(x)\ 2 dx + - I \Vu(x)\ 2 dS- — 

B r \B 5 „ 2 Jqb t 2 



|Vit(x)| 2 dS. 



dB s 



Letting f(9) = |A(#)| 2 — a(9), we have that / G L°°(S N 1 ,K) and, passing to polar coordinates 
r = |x|, 9 = t~t . and observing that d r u(r, 8) — Vu(r9) ■ 9, 



/(r) 



B T \B S 



i(x)(x-Vu(x))dx = / /(0) 



/(*) 



r Ar - a Krfl)| a -^- a K<y 1 



§N-1 



2 xN-2\ 



s N - 2 u{s9)d s u(s9) ds 



dS(9) 



/(r> 



(JV - 2) / s iv ~->(s(9)| 2 ds- / s Jv ^u(s(9)a,.u(s(9)ds 

/(r) 



dS(9) 



\u(x)\ Z dS-S n 



\u(x)\ 2 dS 



(N — 2) 



B r \B s 



f 4^\u(x)\ 2 dx 



/(-£-) 

—r^-u(x) (X ■ Vll(x)) dX, 
Br\B Sn \ X \ 
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thus leading to 



(38) 



A(rP 2 -a(r^) 



B r \Bs n 



$i(u(x) (x ■ Vu(x))) dx 



N-2 f |A(^)| 2 -a(^) 



B r \Bs„ 



From integration by parts it follows 

JB r \B Sn m 



\u(x)\ 2 dx+- 



dB r 



2 



\x\* 1 

|a(t|)I 2 -«(r) 



u{x)\ 2 dS 
u{x)\ 2 dS. 



c)B 6n 



V(Vu(x) -x)dx = -(N-2) 



— ;-r- A(X/|X|) _ , , , 

u(x) u ■ Vu(x) dx 

B r \B Sn m 



f -^A(x x ) 

JdB r m 



Vu(x) dS-S n [ u(x) • Vu(x) dS 

JdB 5n \X\ 

A(x/\x\) 



Br\B Srl 



\/u(x)(x ■ Vu(x)) dx 



and therefore 
(39) 



A(x/\x\) 



B r \B S 



3 (u(x)V(Vu(x) ■ x)) dx + 



r / is 



-(N-2) 
A(x/\x\) 



B r \Bs n 



B r \B Sn \ X \ 

A(x/\x\) 



((yu(x) ■ x)Vu(x) 



dx 



Vu(x) u(x) I dx 



Vw(x) u(x) I dS — 5. 



SB S „ 



A(x/\x\) 



\7u(x) u(x) I dS. 



Putting together (|3T|) . (f3"5| . and (f3"9"| and taking into account that 

A(x/\x\Y 2 - 



V +«■ 



, „ A(x/\x\) , |A(W|x|)| 2 , , 



we obtain 
AT- 2 



V + i 



A(x/\x\) 



i(x/\x\) 



dx 



V + i 



A(^/|x|) 



2 J ei 



dB r 



du 
dv 



V + i 



dS — <L 



A(x/\x\) 



c/\x\) 



dS 
dS 



9Bs„ 



Oil 



dS 



B r \Bs„ 



U(h(x)u(x) (x ■ Vii(i))) dx. 



Letting n — > +oo in the above identity and using (|33p we obtain (|32[) . 



□ 
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5. The Almgren type frequency function 

Let u be a weak H^(Cl, C)-solution to equation in a bounded domain ft C M. N containing 
the origin with h satisfying ©. Let R > be such that = {x G : \x\ < R] C fl. Thus, the 
following functions are well defined for every r G (0, R]: 



(4°) D(r) = ^ 



and 
(41) 



Vu(x) + i 



A{x/\x\) 



u(x) 



H(r) 



r N-l 



a{x/\x\) 



\u\ 2 dS. 



u[x)\ 2 - (m(x))\u(x)\< 



dx. 



c)B r 



We are going to study regularity of functions D and H . We first differentiate H . 

Lemma 5.1. Let ft C R , N ^ 2, be a bounded open set such that G ft. Let a, A satisfy IA.2|) . 
and u be a weak (ft, C) -solution to 0) m i7 7 wii/i satisfying {iSj). //-ff is £/ie function defined 
in tfiera iJ € C^O,^) and 



(42) 



ff'(r) = 



,JV-1 



■If U ^ I </ S' 

ov 



for every r G (0, i?). 



PROOF. Fix r G (0, i?) and consider the limit 
(43) 



hm m^iM = lim 



r^r r — rg 



\u(r9)\ 2 - \u(r 9)f 
r — ro 



dS(9). 



Since u G C 1 (B 1 =r\ {0},C) (see Remark rO]) then, for every 9 G <9Bi, 

(44) lim jgHM .affi^), 

r— >r r — ro \ o;/ 

On the other hand, for any r G (ro/2, R) and G <9£?i we have 

\u(r9)\ 2 - \u(r 9)\ 2 



r-r 



^ 2 sup |u| • sup |Vu| 



and hence, by 



and the Dominated Convergence Theorem, we obtain that 



ff'(ro) = / 25R —( ro 9)u(r 9) dS(9) = 



„N-1 



The continuity of if' on the interval (0, R) follows by the representation of H' given above, the 
fact that u G C 1 (B^ \ {0},C), and the Dominated Convergence Theorem. □ 

In the lemma below, we study the regularity of the function D. 

Lemma 5.2. Let ft C R N , N ^ 2 ; be a bounded open set such that G ft. Let a, A satisfy II A. 2\) , 
and u be a weak i?~(f2,C)- solution to 0) in ft, with h satisfying fifty. If D is the function defined 
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m gflp, then D e W^{0,R). Moreover 



(45) D'(r) 



r N-l 



du 
dv 



dS+ / ft(h(x)u(x)(x-Vu(x)))dx 

JB r 

N -2 



B, 



{m{x))\u{x)\ z dx - - / (m(x))\u{x)\ z dS 



8B r 



in a distributional sense and for a.e. re (0, R). 
Proof. For any r e (0,R) let 



(46) 7(r) 



Vu(a:) + i 



A(x/|x|) 



it(x) 



a(x/|x|) 



\ JOB 



_ , , .A(x/\x\) , . 



u(a;)| 2 - (R/i(a;))|u(a;)| 5 



dx 



<^\u(x)f~(m(x))\u(x)f 

T\,ll 



dS dp. 



From the fact that u G C), we deduce that 7 S W 1,:L (0, Ji) and 



(47) I'(r) 



Vu(x) + i 



A(x/\x\) 



u(x) 



a ±M±\u{x)f~ (m(x))\ u (x)f 



dS 



for a.e. r £ (0,i?) and in the distributional sense. Therefore by (f52")l . (|46p . and (j4"7| , we deduce 
that £> € W^O,!) and 

(48) D'{r) = r 1 - N [-(N - 2)J(r) + rl'{r)\ 



2r 



9B r 



dS + 2 $l(h(x)u(x)(x ■ Vu(x)))dx 



+ {N-2) I (m(x))\u(x)r dx - r {m{x))\u{x)\ 2 dS 

JdB r 



□ 



for a.e. r € (0, i?) and in the distributional sense. This completes the proof of the lemma. 

We now show that H(r) does not vanish for every r > sufficiently close to zero. 

Lemma 5.3. Let tt c R N , N > 2, be a bounded open set such that G S], a,A satisfy II A.2\) . 
i fA.3| ). i fA.4) ). and u ^ be a weak Hl(fl,C)- solution to (0) in fl, with h satisfying (OJ). Let 
H = H(r) be the function defined in |^_?[ ). Then there exists r > such that H(r) > for any 
r E (0,r). 

Proof. Suppose by contradiction that there exists a sequence r n — > + such that H(r n ) = 0. 
Then for any n, u = on dB Tn . Multiplying both sides of ([2]) by u and integrating by parts over 
B r wc obtain 



\7u(x) + i 



A(x/\x\) 



u{x) 



dx 



a(x/\x\) 



h(x)\u{x)\ 2 dx 



— u db - 
av 



u(x)\ 2 dx 



h(x)\u(x)\ 2 dx. 



B rn 
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Taking the real part on both sides it follows 



V«(x) + i 



A{x/\x\) 



u(x) 



dx 



a{x/\x\) 



u{x)\ 2 dx 



•®.{h{x))\u{x)\ 2 dx. 



lB Tn JB rn 

Since he on dB rn , Lemma 13. II and (|6j) yield, for some positive constant Ch > depending only 
on h, 



(49) > 



Vu(x) + i 



Mx/\x\) 



^ /«i(A,a) 



N-2 



u(x) 



ChT„ 



dx 



a(x/\x\) 



2 



\u(x)\ 2 dx - c h r e n 



\u{x)f 



dx 



\u{x)Y 



dx. 



x 



Since /ii(A, a) + ( JY ^" 2 ) > and r„ — > + , we conclude that u = in B rn for n sufficiently 
large. Since u = in a neighborhood of the origin, we may apply, away from the origin, a unique 
continuation principle for second order elliptic equations with locally bounded coefficients (see e.g. 
|28j ) to conclude that u = in fi, a contradiction. □ 



By virtue of Lemma 15.31 the Almgren type frequency function 

D{r) 



(50) 



TV(r) = J\f Ul h(r) 



H(r) 



is well defined in a suitably small interval (0, r). Collecting Lemmas 15.11 and 15.21 we compute the 
derivative of TV. 



Lemma 5.4. Let ft C M. N , N ^ 2, be a bounded open set such that G £1, a, A satisfy IA.2I ). 
IA.3)) . fA.4j) . and u 2^ be a weak Hi (f2, C)- solution to 0) in ft, with h satisfying 0). Then, 



letting TV as in [50]) , there holds TV £ W{^(0,¥) ana 



2r 



(51) 



TV'(r) = 



JdB„ \ U \ 2dS 



J B $t(h(x) u(x) (x • Vu(x))) dx + ^2 j B (ffth(x))\u{x)\ 2 dx - § J gB (m{x))\u{x)\ 2 dS 



JdB r \ U \ 2dS 

in a distributional sense and for a.e. r € (0,r). 

PROOF. From Lemmas IOI [5~T1 and [521 it follows that TV € Wi^(0,r). Multiplying both sides 
of ^ by tZ, integrating by parts, and taking the real part we obtain the identity 



Vtt(i) 



Mx/\x\) 



u(x) 



a(x/\x\) 



u{x)\ 2 - (m(x))\u{x)\ l 



dr I $t ( ) <IS. 

ldB r V av , 



Therefore, by (|4"0)) and (|4"2"| we infer 
(52) 



D(r) = -rff'(r) 
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for every r £ (0, r). From ([52]) we have that 

D'(r)H(r) - D{r)H'(r) D'{r)H{r) - \r{H'{r)) 2 
(r> (H(r)r (H{r)Y 

and, using (|4"!2)) and (J35J) , the proof of the lemma easily follows. 
We now prove that M{r) admits a finite limit as r — > + . 
Lemma 5.5. Under the same assumptions as in Lemma\5.4\ the limit 



□ 



7 := lim J\f(r) 



exists and is finite. 



PROOF. We start by proving that Af(r) is bounded from below as r — > + . By Lemma [3~T 
proceeding as in (I49[) we arrive, for some positive constant Ch > depending only on h, to 



(53) 



Vu(x) + i 



,.A(x/|x|) 



u(x) 



dx 



a(x/\x\) 



u(x)\ 2 dx- / {m(x))\u(x)\ 2 dx 



> 



N-2 

N-2 



2r 



\u{x)\ 2 dS+ ^i(A,a) + 
\u(x)\ 2 dS 



N-2 



dx 



dB T 



for r > sufficiently small. This with (J40J)- (|4T]) yields 

N-2 



(54) 



Af(r) > 



for any r > sufficiently close to zero. Thanks to ([5]), for some C\ > 0, we estimate 

(JRh(x))\u(x)\ 2 dS 
\u(x)\ 2 



N —2 T r 

$t(h(x)u(x)(x • Vu(i))) dx + — — / (m(x))\u(x)\ 2 dx - - 
B r 2 J B 2 



.A(x/\x\) 



dx 



dx + r N - 2 H(r) 



Together with (f53")) . this implies that there exist C 2 > and f > such that, for any r 6 (0,r), 

N-2 



3t(h(x)u(x)(x ■ Vm(x))) + 



(9Wi(x))|u(x)| 2 da; - - / (m(x))\u(x)\ z dS 



' s r * J B r 

< C 2 r £+Ar - 2 [£»(r) + ff(r)] 

Therefore, for any r S (0, f), we have that 

/ Br n(h(x)'ujxj(x • Vu(as))) dx + ^ (3Wt(x))Kx)| 2 dx - § J aBr (3?/i(x))|u(x)| 2 dS* 



(55) 



si C 2 r~ 1+e 



Jan,. \u(x)\ 2 dS 
D{r)+H(r) 



H(r) 



< C 2 r- 1+ W(r) +C 2 r- 1+£ 
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By Lemma 15.41 and Schwarz's inequality, one sees that 

J B 3t(h(xH^(x-Vu(x)))dx + ^J B (3lh(x))\u(x)\ 2 dx-Zj aB (?Sth(x))\u(x)\ 2 dS 
{T) Ibb t W*)?*S 

and hence by (|55[) we obtain 

(56) Af'(r) > -2 C 2 r- 1+£ Af(r) -2C 2 r - 1+£ 
for any r 6 (0,r). After integration it follows that, for some C3 > 0, 

2C9 /~F F\ 2Co F I t 2Co R 

(57) Af(r) < Af(f)e^ r - r '+2C 2 e-^ r / s^e^ 8 ds < C 3 



for any r € (0, r). This shows that the left hand side of ([55]) belongs to L 1 (0,f). In particular by 
Lemma 15.41 and Schwarz's inequality we see that Af' is the sum of a nonnegative function and of a 
^-function. Therefore 



Af(r) = Af(f) - / Af'(s)ds 

J r 

admits a limit as r — > + which is necessarily finite in view of (|54[) and (|5T[) . □ 

A first consequence of the above analysis on the Almgren's frequency function is the following 
estimate of H(r). 

Lemma 5.6. Under the same assumptions as in Lemma \5.4\ let 7 := lim T _ >0 + jV(r) be as in 
Lemma \5.5\ Then there exists a constant K\ > such that 

(58) H{r) sC K ir 2 ^ for all r € (0,f). 

On the other hand for any a > t/iere exists a constant Ki(cf) > depending on a such that 

(59) H(r) ^ K 2 {a) r 2 ^ +<T for all r e (0, f). 

Proof. We start by proving ([58]) . Since, by Lemma [531 A/"' € L 1 (0,f) and M is bounded, then 
by ([56]) . we infer that 



(60) Af(r) - 7 = / AA'(s) ds ^ -C 4 r 





for some constant C4 > and r £ (0, f) with < f < f. Therefore by ([B"2"]) and (150]) we deduce 
that for r S (0, f) 

ff'(r) _ 2JV(r) 2 7 1+e 
rr/ \ — /c-4r 

The proof of (|58p follows immediately after integration in the previous differential inequality over 
the interval (r, f) and by continuity of outside 0. 

Let us prove ([59]) . Since 7 = lirn r _ >0 + AZ'(r), for any a > there exists > such that 
J\f(r) < 7 + cr/2 for any r € (0, r CT ) and hence 

^W = 2*M<?i±£ forall ,. € („,,„. 

/i(r) r r 

Integrating over the interval (r,r a ) and by continuity of H outside 0, we obtain (j59[) for some 
constant ^(c) depending on a. □ 
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6. Proofs of Theorems 11.31 and 11.51 

In this section we use the monotonicity properties established in section [5] combined with a blow- 
up technique to deduce asymptotics of solutions near the singularity and to prove Theorems 11.31 
andO 

Lemma 6.1. Let ft C R , N ^ 2, be a bounded open set containing 0, a, A such that i fA.2)) . i fA.3|) . 
and \A.4\) hold, and h as in {TjJ). Foru G Hl(Q,, C) weakly solving u ^ 0, let 7 := lim r _ > o+ A/"(r) 
as in Lemma\5.5\ Then 



(i) there exists to£N such that 7 = — -^j- 2 - + \/ (^7^) 2 + Mfc (A, a )/ 

(ii) /or every sequence A„ — > + , t/iere e:mi a subsequence {\ nk }ken o,nd an eigenfunction ip of 
the operator L^^ a associated to the eigenvalue /ifc (A, a) such that || V'IIl 2 (s jv - 1 .c) = 1 an d 



weakly in H 1 (Bi, C), strongly in H 1 (B r , C) for every < r < 1, and m Cj '^Bi \ {0}, C) 
/or any r £ (0, 1). 



Proof. Let us set 

w A (x) 



A, , u(Xx) 



We notice that J dBi \w x \ 2 dS = 1. Moreover, by scaling and ((57 



(61) 



Bi 



V^(i) + !^w A (o;) 



/ "T^KWI^- / A 2 (9Wi(Aa;))|w A (x)| 2 d2; 



'Bi Fl J Si 

= W(A) < const. 
Hence, by (|29p and © there exists > such that 

Ml (A,a)+(^^— J - C/l A £ J ^ — |xp^ — 2 

and, consequently, there exist A > and const > such that 

\w x (x)\ 2 

— — p; — dx ^ const for every < A < A, 
Si \x\ 2 

which, in view of (f6"Tj) . implies that {w A } Ae( -o,A) i s bounded in H*(Bi,C). 

Therefore, for any given sequence A„ — > + , there exists a subsequence A„ fe — > + such that 
w A "fc — 51 w weakly in Hl(Bi, C) for some u> € Hl(Bi,C). We notice that Hl(Bi,C) is continuously 
embedded into H 1 (Bi,C), hence w A "fe — 1 w weakly also in H 1 (Bi,C). Due to compactness of the 
trace imbedding ff 1 (i? 1 ,C) L 2 (dB 1 ,C), we obtain that J aBi |w| 2 d5 = 1. In particular w ^ 0. 
Furthermore, weak convergence allows passing to the weak limit in the equation 

(62) C A , a w x ^ (x) = X 2 nk h(X nk x)w x ^ (x) 
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which holds in a weak sense in B^ x D B\ (see the beginning of section [5] for the definition of 
R), thus yielding 

(63) Ca_ m w{x) = in B\. 
A bootstrap argument and classical regularity theory lead to 

w ^ k ^ w inCj£(Bi\{0},C) 

for any r S (0, 1) and 

(64) w Xn * -> w in ff 1 ^, C) and in i£(.B r , C) 

for any r £ (0, 1). Since the functions w Xn k solve equation (|62p , then for any r S (0, 1) we may 



define the functions 



r Jb, 



Vw A "' (x) + i 



A(x/\x\) A 



w An « (x) 



dx 



„N-2 



and 



^^V- (*)| 2 + A^(^(A n ^))|^ (*)| 2 



-JV-l 



0B r 



On the other hand, since w solves (1631) . then we put 



(65) D w (r) = ^ 



Vw(i) + i 



A(x/\x\) 



w(x) 



a(x/\x\) 



w(x)\' 



dx for all r £ (0, 1) 



and 

(66) H w (r) = ^ =T [ \w\ 2 dS for all r € (0, 1) 

Using a change of variables, one sees that 
(67) 



W : = §t4 = §7^4 = -^( A «^) fOT a11 r e (o, i). 



flik(r) F(A„ fc r) 
By ((6]) and (|64|) . we have for any fixed r £ (0, 1) 

(68) D fc (r) ->£>„(»•). 

On the other hand, by compactness of the trace imbedding H 1 (B r , C) L 2 (dB r , C), we also have 

(69) fffc(r) -> H w (r) for any fixed r e (0, 1). 



From (J29J) it follows that D w (r) > 



N-2 



H w (r) for all r £ (0, 1). Therefore, if, for some r £ (0, 1), 



H w {r) = then D w (r) > 0, and passing to the limit in (|67[) should give a contradiction with 
Lemma T5. 5 1 Hence H w (r) > for all r £ (0, 1). Thus the function 

D w (r) 



H w {r) 



is well defined for r £ (0, 1). This, together with ([67]) . (f68|) . (|69|) . and Lemma I5~5l shows that 
(70) N w {r) = lim N{\ nk r) = 7 

fe— »oo 
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for all r £ (0, 1). Therefore Af w is constant in (0, 1) and hence M^r) — for any r £ (0, 1). By 
(l63l) and Lemma [5T4l with h = 0, we obtain 



dB r 



dw 



dS 



\w\ 2 dS 



c)B r 



w 



dw 
i — 

dv 



i.e. 



dv 



\L 2 (dB r X 



dS 



dw 



for all r £ (0,1), 



01/ 



L 2 (dB r ,C) 



This shows that w and have the same direction as vectors in L 2 (dB r , C) and hence there exists 
a real valued function r\ = r\[r) such that ^(r,8) — rj(r)w(r,9) for r £ (0, 1). After integration 
we obtain 

(71) io(r,0) = eKiW'w&O) = <p{r)ip{p) r £ (0, 1), 6 £ S N ~\ 

where we put ip(r) — e^ ri( - s ^ ds and ip(6) — w(l,8). Since 

d 2 w A - 1 dw 1 



dr 2 



dr 



;L Aa w, 



then |[7T]) yields 



V'(r) 



AT - 1 



V?(r) 



Taking r fixed we deduce that i/> is an eigenfunction of the operator La, a- If Mfco(-^-> a) is the 
corresponding eigenvalue then ip(r) solves the equation 



-if (r) ip(r) + J ip(r) = 



and hence <p(r) is of the form 
for some c±,C2 £ K, where 



AT- 2 



A-2 



^ feo (A, a) and a fe 



A — 2 



A- 2 



/x fco (A,a). 



Since the function m( M^^te)) ^ i 2 (^i,C) and hence M%> ^(ify) £ #*(-Bi,C), then c 2 = 
and <ys(r) = cir *" . Since <p(l) = 1, we obtain that Ci = 1 and then 

(72) w(r, 61) = r< V(6>), for all r € (0, 1) and £ S^" 1 . 

It remains to prove part (i). Since w solves (|63p . after integration by parts 



Vw(x) + i 



A(x/\x\) 



w(x) 



a(x/|x|) 



dx 



dw 



w dS. 



dB r 



Therefore, bv ([H5 |) . ([66 ]) . (ffO |) and ([72|l . it follows 

D w (r) rf dBr ^wdS 



J = Nw(r) = 



H w {r) L Br \w\US 
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This completes the proof of the lemma. □ 

A further step towards a-priori bounds for solutions to @ relies in uniformly estimating the 
supremum of |u| on dB r with H(r). 

Lemma 6.2. Let tt C R N , N > 2, be a bounded open set containing 0, o, A such that \A.2\) . 
i fA.3|) and i f A. 4)) hold, and h as in Then, for any weak Hl(tt,C)- solution u to H[) there exist 
s > and C > such that 

C f 

sup \u\ 2 ^ / \u\ 2 dS for every < s < s. 

dB s s N 1 J 9Bb 

Proof. Let 7 = lim r _^ + Af(r) as in Lemma 1531 and fcp € N such that 



N-2 //A-2 x2 



7 = 2~ + \l\^2~) +' ifc «( A ' a )' 

see Lemma IBTT1 Denote as Ao the eigenspace of the operator La, a associated to the eigenvalue 
|Ufc (A, a). Since dim„4o is finite, it is easy to verify that 

SUpsN-l \v\ 2 
A = SUP f I 12 Jg < +°°- 

Let C > 2 N_1 A. We claim that there exists A such that 

(73) sup \w x \ 2 ^c[ \w x \ 2 dS for every A e (0, A). 

9B 1I2 JdB, /2 



To prove (|73|) . assume by contradiction that there exists a sequence {A„}„ e N such that A n — > + 
and 

(74) sup |w A "| 2 > C / |w A "| 2 dS". 

9B 1/2 JdB 1/2 

Lemma 16.11 implies that there exist a subsequence {X nj an d an eigenfunction tp € ,4o such 

that U\\h(SN-i, C ) = 1 and ^ -> M 7 ^(r) weakl y in H^B^C) and in C^(Si \ {0},C) for 
any r G (0, 1). Passing to limit in (|74|) . this should imply that 



sup |Vf ^ -^-r / M 2 dS > A / M 2 dS 



giving rise to a contradiction with the definition of A. Claim (|73[) is thereby proved. 
Estimate (1731 can be written as 

CP 

sup \u\ 2 ^ _ 1 / juj 2 ^ for every A S (0, A). 

Choosing s = |A and C = 2 1 ~ N C, the conclusion follows. □ 
From Lemmas 15.61 and 16.21 we deduce the following pointwise estimate for solutions to ([2|). 
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Corollary 6.3. Let Q C R N , N > 2, be a bounded open set containing 0, a, A such that i fA.2|) , 
{A. 3)) and HA. 41) hold, and h as in fi5j). Then, for any weak Hl(fl,C)-solution u to H|) there exist 
s > and C > such that 

\u(x)\ ^ C |x| 7 /or every x £ B s , 
where 7 = lim r ^ + A/"(r) as m Lemma \5.5i 

PROOF. It follows from ((58J and Lemma I6T21 □ 
Let us now describe the behavior of H{r) as r — > + . 

Lemma 6.4. Under the same assumptions as in Lemma \5.4\ and letting 7 := ]hxi T _ > o+ Af(r) € R 
as in Lemma 15.51 i/ie /irmi 



exists and it is finite. 



lim r- 2l H(r) 



Proof. In view of (|58|) it is sufficient to prove that the limit exists. By (|41l) . (j52|) , and Lcmma l575l 
we have 

^75? = -27r- 27 - 1 ff(r) + r^H'ir) = 2 r - 2 ~<- 1 (D{r) - 7 tf (r)) = 2r- 2 ^- 1 H{r) Af'(s)ds. 

Denote by M\{r) and M 2 (r) respectively the first and the second term in the right hand side of 
(|5f [) in order to obtain, after integration over (r, f), 



= jf 2s- 2 ~<- 1 H(s) ^ M 1 (t)dt)ds + 2s- 2 ~<- 1 H(s) Qf M 2 (t)dtj ds. 



(75) 

By Schwarz's inequality we have that Mi(t) ^ and hence 



lim + ^ 2s- 2 ^- 1 H(s)fJ M^dtjds 



exists. On the other hand, by (55) and J5B) we deduce that |M 2 (r)| = 0(r" 1+e ) and i?(r) = 0(r 27 ) 
as r — ► + . Therefore, if f is sufficiently small, for some const > there holds 



s^-'His) (J\ 2 (t)dt) 



const , 



for all r € (0, f), which proves that s-^-^His) (J* M 2 (t)dt) e £*((), f). We may conclude that 
both terms in the right hand side of (|75j) admit a limit as r — > + thus completing the proof of the 
lemma. □ 

The limit lim r _, + r~ 21 H(r) is indeed strictly positive, as we prove in the following lemma. 

Lemma 6.5. Under the same assumptions as in Lemma \5.4\ and letting 7 := lim T ._ >0 + Af(r) € R 
as in Lemma \5.5l there holds 

lim r~ 2y H(r) > 0. 
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PROOF. Let us fix R > such that B R C fl For any k € N \ {0}, let ipk be a 1? -normalized 
eigenfunction of the operator La, a on the sphere associated to the fc-th eigenvalue /ifc(A, a), i.e. 
satisfying 



(76) 



'£a>*(0) =M*(A,a)^fc(0), inS^- 1 , 
J sw _ 1 |VkWI 2 dS(«) = l. 



We can choose the functions V'fc in such a way that they form an orthonormal basis of L 2 (E> N 1 ,C), 
hence u and hu can be expanded as 



(77) u(x) = u(\6) = Y / VkWM0), h(x)u(x) = h(\e)u(\9) =J2(kWM8), 

fc=i 

where A = \x\ G (0,i?], (9 = € S^ 1 , and 



fc=i fc=i 

JJV-1 



(78) <Ph(X)= u(\9)M0)dS(9), &(A) = / h(\0)u(\0)M0)dS(0). 
Equations ([2]) and (l76|) imply that, for every fc, 

-VZ(A) - ^V*(A) + ^^ fc (A) - a(A), in (0,i?). 
A direct calculation shows that, for some c[, £ R, 

(79) ^ fc (A) - A** f cf + / — — Cfc(a) ) + A'* ( c h 2 + / — -( k (s) ds 

where 



7V-2 UN-2\ 2 N-2 fN-2 s2 



■fi k (A,a) and a k = — - — J+/i fc (A,a). 

In view of Lemma 16.11 there exist ja,m £ N, jo,™ 5^ 1 such that m is the multiplicity of the 
eigenvalue fij (A, a ) = A*jo+i( A ) o) = • • • = /Uf 0+m _i(A, a) and 

(80) 7 = lim A/"(r) = cr+, i = j , ■ • • , Jo + m - 1. 

r— *-Q+ 

The Parseval identity yields 

« CXD 

(81) H(X)= \u{\0)\ 2 dS(0) =y|<^ fe (A)| 2 , for all < A sC R. 

Let us assume by contradiction that lim / \_ > Q+ X^ 2ry H(X) — and fix i € {jo, . . . , jo + m— 1}. Then, 
([80]) and (gl} imply that 



(82) lim A _0 *WA) = 0. 
From ([6]) and Corollary 16. 3[ we obtain that 

(83) 0(A) = 0(A- 2+£+CT * + ) as A -> 0+, 



30 



VERONICA FELLI, ALBERTO FERRERO, AND SUSANNA TERRACINI 



and, consequently, the functions 



— Ci(s) and s i-> — +Ci( s ) 



belong to L 1 ((0,R),C)- Hence 



A CT - ^ + y — - -d(s) dsj = o(A CT ' ) as A -> + , 



and then, since A S L 2 (Br,C) and ^ L 2 (Br,C), we conclude that there must be 



/'• R s~°'« r+1 

4 = - / — — + Ci(«)rfs- 

JO cr, -erf 



Using (f55| . we then deduce that 



(84) A'« 4 + / — ^Ci(s) ds = A CT * / — -Ci(s) = 0(A ff = +e ) 

as A -> 0+. From (JTSJ), 1(82 ]) . and (|84" |) . we obtain that 

- + -d(s)ds = 0, 

o of - Cj 

thus implying, together with (|83|) . 

(85) AM 4+/ -C,(s)ds = ACT ' / — -Q(s)ds = 0(\^ +s ) 

\ Jx c?T - o"i / Jo ^ - o-f 

as A -> 0+. Collecting ([75]l. l[gl|). and (|55j). we conclude that 

Pi (A) = 0(A a * ++£ ) as A -► 0+ for every i € {1, . . . , m}, 

namely, setting u A (#) = u(X9), 

(u\V)l2 (s «- 1!C) =0(A^+ £ ) asA^0+ 

for every ^ € -4o, where .Ao is the eigenspace of the operator La. a associated to the eigenvalue 
Hj (A,a) = n jo+ i(A,a) = ■■■ = ^■ D+m _ 1 (A,a). Let w A (6>) = (if (A))- 1/2 w(A6>). From dS5J), there 
exists (7(e) > such that y / H(\) ^ C(e)A 7+ ^ for A small, and therefore 

(86) (u>\</0l*(s"-i,c) =0(A £ / 2 ) =o(l) asA^0+ 

for every ^ G *4o- From Lemma 16.11 for every sequence A„ — > + , there exist a subsequence 
{A«j}jeN and an eigenfunction ip € Aq such that 



(87) / \if>(0)\*dS=l and w*"' -> V in L 2 (S iV -\ C). 

From (JHU) and fg7|). we infer that 

0= lim (w Xn i ,$) L 2 {§ n-i c) = ||^||| 3(s jv-ic) = 1, 
thus reaching a contradiction. □ 
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The analysis carried out in this section leads to a complete description of the behavior of solutions 
to ([2]) near the singularity and hence to the proof of Theorem 11.31 

Proof of Theorem 11.31 Identity §§§ follows from part (i) of Lemma 16.11 thus there exists 

fc e N, k ^ 1, such that lim r ^ 0+ N u ,h{r) = + \J {^Y^f + Mfco(A, a)- Let us denote 

as to the multiplicity of /j,fc (A, a), so that, for some jo £ N, jo ^ 1, jo ^ fco ^ jo + to — 1, 
/j, jo (A,a) = fi jo+1 (A, a) = ■■■ = n jo+m _i(A, a) and let {ipi : j < i < j + to - 1} be an 
L 2 (S N ~ 1 , C)-orthonormal basis for the eigenspace of La, a associated to /Xfc (A, a). Set 



N-2 fN-2 s2 



1 = — + +^(A,o) 

and let {A ra } ne N C (0, +oo) such that lim n ^ +00 A„ = 0. Then, from part (ii) of Lemma 16.11 and 
Lemmas l6.4l and l6.5[ there exist a subsequence {A rafe }fegN and to real numbers (3j , . . . , (3j + m -i € 1R 
such that (P Jo ,(3 jo+1 , . . . , f3 j0+m -i) ^ (0,0, ... ,0) and 

jo +m — 1 

(88) A^«(A„ t 9) ^ ^ AV^(#) in C 1 - T (S JV - 1 ,C) as fc -> +oo 
and 

jo+m-1 

(89) Aj,7V«(A nt 0) ^ Pt(Tl>i{0)O + Vs>'-i1>i(0)) mC°- T (S N -\C N ) as k -> +oo 

for any r 6 (0, 1). We now prove that the fy's depend neither on the sequence {A n } n gN nor on its 

subsequence {A„ fc }feeN- 

Let us fix R > such that Br C f2. Defining ipi and Q as in (|78|) and expanding it as in (1771) . 
from ([88]) it follows that, for any i = jo, . , . , jo + m — 1, 

(90) A->(A„J=/ £ ft/ i] j {0)W)dS{6)=t3 i 

as — > +oo. As deduced in the proof of Lemma RT51 for any i = jo, . . . ,jo + to — 1 and A 6 (0, i?] 
there holds 

(91) ^(A) = A< (cj + [" S + ai+1 _ Q{s) ds) + \< ( f S + ai+1 _ Q(s) ds 

V J A <-(J. 7 \Jo Vj-Oi 

.+ / , f R + 1 



A<7 ' K + / "+ Ci(«) d« + 0(A CT < +£ ) as A -► 0+ 



for some c| £ I, where 



N-2 /N-2\ 2 ,. , iV-2 UN-2^ 2 



°t=l= — + y y 2 J +Mfc Q (A,a), fj s: = - y ( - ) +^ fco (A,a) 

Choosing A = i? in the first line of ([9"T]) . we obtain 



cl = R-^ <pi(R) - iT« / — r Ci(s) ds. 

Jo of - (T, 



« s -<rr+i 
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Hence flSTJ) yields 

+ - + r R i- a i+ 1 r R s - a t+ 1 

A-TVifA) - R- a > fi{R) - R°* / -+ -Q{s)ds + / -Q(s)ds as A -» 0+, 

Jo o"i - ^ Jo CfJ - (7 i 

and therefore, from ([50)) we deduce that 



A - i?~ 7 / u(R6)ipi(6) dS(9) 



/•-K „7+A-l / r \ 



R s i-7 



h(s r])u(s rj)\l)i(rj) dS(rj) )ds. 



27 + iV- 2 \JgN-l 

In particular the /Vs depend neither on the sequence {A„}„ £ n nor on its subsequence {A nfc }fc £ N, 
thus implying that the convergences in and actually hold as A — ► + and proving the 
theorem. □ 



Proof of Corollarv ll.4i Statement (i) follows directly from (|10[) . Statement (iii) is an immediate 
consequence of (|10l) and (fTTj) . To prove (ii), we notice that classical elliptic regularity theory 
yields Holder continuity away from 0, so it remains to prove that u is Holder continuous in every 
B r C f2. To this aim, we argue by contradiction and assume that there exist sequences {x n }n<EN, 
{y n }n£N C B r such that 



(92) 



lim 

n— >+oc 



\u(x n ) - u(y n )\ 

\Xn - Unl 1 



Holder continuity away from implies that either \x n \ — » or \y n \ — > along a subsequence. Hence 
we can assume without loss of generality that \y n \ — > and \x n \ ^ \y n \. Two cases can occur. 

Case 1: there exists a positive constant c > 1 such that 1^4 ^ c. In this case, \x n \ — + and, 
letting A„ = 2c|a;„| and observing that ^ £ -Bi/(2c) \ ^i/(2c 2 ) <s Bi\ {0}, from part 
(ii) of Lemma 16.11 and Lemmas 16.41 and 16.51 it follows 



lim 

n — >+oo 



tin 







for some eigenfunction tp of the operator La, a- Since the function M 7- 0(]§|) is Holder 
continuous away from 0, from above we conclude that 



u(x n ) - u(y n )\ 




- A„Tm(A„|^) 


\x n - y n 7 


1 

1 A„ 


yn IT 

An 1 



is bounded uniformly in n, thus giving rise to a contradiction. 
Case 2: There exists subsequences {x nk }kt£N and {yn fc }feeN such that , 
particular \y nk \ = odxnj) as k — > +00. From (|92|) we deduce that \x nk \ 



J 



as k 



In 

-00 
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and by Corollary |6.3 



\u(x nk ) - u(y nk )\ _ \u(x nk ) - u(y nk )\ 

\ x n k \ I x„ k y„ h 1 7 



^ const kc„, 7 ' ' ' < const 

n k y n k 1 

1 \ X <H-\ \ X ~k I 1 



thus giving rise to a contradiction with (|92[) . 

□ 

Invariance by Kelvin's transform allows rewriting equations in exterior domains as equations in 
bounded neighborhoods of 0, thus reducing the problem of asymptotics at infinity to the problem 
of asymptotics at 0. Hence we can deduce Theorem 1 1 . 51 from Theorem 11.31 

Proof of Theorem 11.51 Let u be a weak solution of ([2]) where Q, is an external domain as in 
the statement of the theorem. Let v be the Kelvin transform of u, i.e. 

(93) v(x) = \x\ 2 - N u (r^\ xeCL = {xeR N :x/\x\ 2 G O}. 
If we put y = j^z, then we have 

(94) Au(x) = \y\ N+2 Av(y) for all y € fi, 
and 

a(x/\x\) - \A(x/\x\)\ 2 + idiv sw -i A(x/jzj) ^ 
|x| 2 

= |yr2 %/M)-|A(y/M)p + .div sw - 1 A(,/M) forally6 ^ 

Moreover, by the transversality assumption (|A.3[) we also have 

(96) j— : ■ Vu s) = \y\ T 1— : • vv(y) tor all y G S2. 

fI |y| 

Therefore, by (PHM| we obtain 

(97) £ A ,aw(y) - |y|- 4 /i (r^ W) in«\{0}. 

From a direct computation we infer that Vu G £ 2 (S^, C N ), -Pn S L 2 (f2, C), and hence u G Hl(tt, C). 

This is sufficient for proving that v is a TJ^-weak solution of equation (|97p in f2. 
On the other hand, by (fT4"]) 



= 0(|y|-^), as |y| ^ 0^ 



l9rl "(sF 

and hence v satisfies all the assumptions of Theorem 11.31 The proof of (fl6| and the asymptotic 
estimate for u then follows by Theorem 1 1.31 (f93|) . and the fact that 

(98) M,,|»|-«&(»/|»|»)(r) =-A/U(f) - JV + 2 
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with M u ,h as in (|15p . For proving the estimate on the gradient one may proceed as follows. Let 7 
be as in the statement of the theorem and let 7 = lim r ^ + -^v.\y\- 4 h(y/\y\ 2 ) i r )- From (|98[) it follows 
that 7 = 7 — A + 2, hence by (f9"3"| we have 

(99) X^VviXO) = (2 - N)\-1u (|) 6 + X'^Vu (f ) - (V« (f ) ■ 9) 9 

for any A such that B\ C f2 and for any 9 G S^ -1 . Applying Theorem [L3] to the function v, from 
the previous identity we infer 

jo+m— 1 

(2-7V)A-^(f)-A-^ 1 (V W (f)-0)^ 7 £ A^iW 

i=jo 

in C°' T (§ , C) for any r G (0, 1) as A — * + . From the first part of the theorem we also have 
that 

jo+m-l 

(100) a~M*)-> E 

from which we obtain 

j'o+m— 1 

(101) A -7-l( Vu (*).0)^-^ £ 

in C ,0 ' T (§ JV_1 ,C) for any r G (0, 1) as A -> 0+. Letting A ->■ 0+ in (99|), applying again Theorem 
11.31 to the function v and using (|100| - (|10ip we deduce that 

jo+m-l 

in C°' r (§ Ar_1 , C ) for any r G (0,1) as A — > + . By replacing A with 1/A we obtain the desired 
estimate. □ 

7. An example: Aharonov-Bohm magnetic potentials in dimension 2 

In this section we discuss an application of Theorem ll.3l to Schrodinger equations with Aharonov- 
Bohm vector potentials |T]), i.e. we let N = 2, A(cosi,sint) = a(— sin t, cost), a(cosi,sini) = ao 
for some ao G K, and consider the corresponding equation 

x 2 ii \ \ a 



with x = {x\,X2) in a bounded domain of K 2 containing and h verifying ([6]). In this case, an 
explicit calculation yields 

{ Mfc (A, a) : k G N \ {0}} = {(a - j) 2 - a : j G Z} 

hence, in particular, 

/xi(A,a) = (dist(a,Z)) — ao. 
If dist(a, Z) ^ i then all eigenvalues are simple and the eigenspace associated to the eigenvalue 
(a — j) 2 — a is generated by ip(cost,smt) — e -4 - 7 *. If dist(a,Z) = \, then all eigenvalues have 
multiplicity 2. Theorem 11.31 hence yields: 
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i) if do < ( dist(a, Z)) and dist(a, Z) ^ |, then there exists jo € Z and € C such that 

A-V( a -J'o) 2 - °tt(Arasi, Asia*) -> /3e^ ot as A -> 0+, 
in C*^ r (0, 2tt, C) for all r e (0, 1); 

ii) if a < ( dist(a, Z)) 2 and dist(a, Z) = ~, then there exists jo S Z and j3i, @2 S C such that 
2a — jo G Z and 



A -V( a -J'o) 2 -ao u ( Acos ^ Asin ^ _> /3 ie -^* + f3 2 e- l{2a - ja)t as A -> 0+ 

in C*^ r (0, 2tt, C) for all r e (0, 1). 
The constants /3,/3i,/?2 can be computed as in (fT2"| . Furthermore, in view of Corollary 11.41 if 
(dist(a,Z)) 2 < 1 +a then u e (7j 'J(fi, C) with 7 = ^(dist(a, Z)) 2 - a , wher eas u is locally 
Lipschitz continuous in fl if (dist(a,Z)) 2 ^ 1 + ao- 

8. Magnetic Hardy-Sobolev type inequalities 

This section is devoted to the proof of a weighted electromagnetic Hardy-Sobolev inequality in 
dimension N > 3. We start by observing that, from Lemma [2~2l and classical Sobolev's inequality, 
the following electromagnetic Hardy-Sobolev inequality holds. 

Proposition 8.1. Let N ^ 3 and a, A satisfying IIA.2\) . JA.3j) . and iA.4\) . Then 

S(A,a) := inf QaAu) „.„. > 0. 

uev^(m,c)\{o} (J rjv | u(a .)|2. d:E ) 2 / 2 

Proof. The proof follows from Lemma |2~21 part (i) of Lemma l2.31 and Sobolev's inequality. □ 
We assume N ^ 3 and (|A.5[) so that the number 



7V-2 //7V-2 s2 



(102) a = a(a, N) := — + y (^^— J + Ml (0, a) 

is well defined. Let € i? 1 (S Ar_1 , M), 1 1 ] i 2 (s-^ — 1 ,k) = 1, be the first positive eigenfunction of the 
eigenvalue problem 

-A S N-i<j>(6) - a(d)(/)(6) = |m(0, a)(f>(6) in S^" 1 . 
We recall from [12l Lemma 2.1] that /zi(0, a) is simple and mingw-i > 0. Let 

(103) = \x\ a c/) for all xeR N \ {0} 

and introduce the weighted space T>l; 2 (R N , C) as the closure of (IR^C) with respect to the 
norm 

2 \ 1/2 

u> (x)|Vw(x)| dxj 

We notice that, by the Caffarelli-Kohn-Nirenberg inequality (see [5] and [6]), v S I?^; 2 (IR Ar , C) if 
and only if uw € I? 1,2 (IR Ar , C) and there exists C w > such that 

C, / to 2 (a:)J^Lda;< / u; 2 (x)|Vw(x)| 2 da; 
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for every v <E ( 



1,2/tbV 



Proposition 8.2. Let N ^ 3 and a, A satisfying HA.2}) , JA.3|) , JA.5|) , and let w be the function 
defined in A103\) . Then 



(104) 



w 2 (x)\Vv{x) + i Mx '\ xn v(x)r dx > S(A,a) ( / w r (x)\v{x)\ 2 ' dx 
1 I V / r jv 



for alive Vy(R N ,C). 

PROOF. First of all, one can check by explicit computation that the function w solves the equation 



(105) 



Aw(x) - ^ML w{x) = in R N \ {0}. 



Let v € C^°(R \ {0},Q C Vl> 2 (R N ,C) so that u(x) := w(x)v(x) € C£°(R \ {0},C) C 
P 1 ' 2 (R JV ,C). By (fTUS]) and integration by parts we have 



(106) 



R N 



Vw(x)V (w(x)\v(x)\ 2 ) dx 



a{x/ ^ w 2 (x)\v(x)\ 2 dx = 0. 



R iv \X 



By a direct computation we infer 

(107) VwV(w\v\ 2 ) = |Vw| 2 H 2 + wVw(vVv + vVv) 

and 



(108) 



.A(as/|ajj) 



= |Vw| 2 H 2 + MiVffl(t)Vt) + vVv) + w 2 \Vv\ 



23 —w^vVv + \-^-w z \v\ 



From (fTOp]) . ((TOT}, and ([10811 , we obtain that 



Vu(x)+i 



: A(x/\x\) 



u{x) 



dx 



a(x/\x\) 



RN 



w 2 (x)\\7v(x)\ 2 dx 



2-i 



u(x)\ 2 dx 
A(x/\x\) 



RN 



w (x)v(x)Vv(x) I dx 



\A(x/\x\)\< 



w 2 (x)\v(x)\ 2 dx 



w 2 {x) 



V«(i) + i 



A{x/\x\) 



v(x) 



dx. 



By the above identity and Proposition [HH we obtain (fTU4"l) for any v € C™(R N \ {0},C). By a 
density argument (see [3 Lemma 2.1]), we deduce that (|104|) holds for any v € T>l] 2 (M. N , C). □ 
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9. A BREZIS-KATO TYPE LEMMA FOR N ^ 3 

This section is devoted to the proof of a Brezis-Kato type result in dimension N ^ 3. Let 
w be the function defined in (|103p . We define the weighted space H^(Q,C) as the closure of 
ff^OjC) n C°°(ft,C) with respect to the norm 



(109) 



IM|jri(n,q ■=[ w (x) 



\Vv{x)\ 2 + \v{x)f 



dx 



1/2 



and the space £>^; 2 (ft, C) as the closure of C£°(fi, C) with respect to 

It is easy to verify that v G H^(il, C) if and only if wv £ -ff *(ft, C). For N 3 and any q ^ 1, we 
also denote as L q (w 2 , ft, C) the weighted L 9 -space endowed with the norm 



w 2 (x)\Vv(x)\ 2 dx 



\li(w 2 * ,n,i 



where 2* = is the critical Sobolev exponent. 



w 2 (x)\v{x)\ q dx 



Lemma 9.1. Let ft C R , N ^ 3, be a bounded open set containing 0, IA.2|) . fA.3j) and (A.5j/ 

/ioZd ; and u € H^(fl, C) n L q (w 2 ,Q,C), q > 2, be a weak solution to 



(110) 



ilSg^-'^H) - ' A (r)I 2 + * di ^- A(^) 



div(w 2 (x)Vw(a;)) 



w 2 (x)w(x) 



a (r) 

2iw (a;) — . y • Vv(x) = w 2 (x)V(x)v(x), in ft, 



where G L s (u) 2 *,ft,C) /or some s > A/2. Then, for any ft' <e ft such that G ft'. 

v G L^(w 2 *,ft',C) and 



y ,s<r(2-2*) 



(HI) HI < 5(A,o 

l 2^ (w 2 ,rz',c) 



2*„ 



i / 32 M 2 - 2 (C(ft,ft')) 

) *IMI W *,n,c)(^ (dist(ft',dft)) 2 ' C(g); ' 



where C(q) := min |i, 77^}; = min§jv-i > 0, 

C(ft,ft') = { diam " , x ^(0,a)<0, ^ 
v ; [dist^R^Xft') ifm(0,a) > 0, 



\5(A, 



|2s/JV 



<7 + 4 



„, ■ .L=(^*,n,c)' 2l 5'(A,a) l|( ' 3fi( ' T/ ^ + " Ls/ ( u ' 2 *' n > c ) 
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PROOF. Holder's inequality and (|104[) yield for any u e 2?i; 2 (f2,C) 
(112) 

/ w 2 ' (x)(SR(V(x))) + \u(x)\ 2 dx 
Jn 

J w 2 " (x)\u(x)\ 2 dx + J w (2 *~ 2) (x){3i(V(x))) + w 2 (x)\u(x)\ 2 dx 



/ w 2 (x)|w(x)| 2 cfe + / w z {x)\u{x)\ 2 dx) ( / «/ («)(K(V r (a:)))^ dec 



2* 

(S)}(V(x))) + ^, 



\ ( y w 2 *(x)(3?(^(x)))| dxj +£ q I w 2 " (x)\u(x)\ 2 dx. 



By Holder's inequality and by the choice of i q it follows that 
(113) 

JV 

J w 2 \x){ft(V(x)))f dx ^ (^J w 2 \x)(ft(V(x))) s + dxJ S J w T {x)dx 

(3?(V(x)))+>^ ' ' {K{V(x))) + >t q 

2', v«, T „ ^^^s , Y ( f /W0»0))+Y 2*, 



< ( ^ ^ (x)(5R(T/(x))); dxj y ^ v ; ) w 2 (x) dx 



. (S(A,a) 2 5(A,q 

in J 

3 ' g + 4 



and hence from (I112|) we obtain that for any u € 2?i; 2 (fi, C) 

(114) / w r {x)(n{V(x)))+\u{x)\ 2 dx^e q [ W 2 ~(.r)\u(.r){ 2 <l.r 

1 2 



1 

n Jn 



+ mm 



9 + 4. 

Let 77 € C£°(f2, R) be a nonnegative cut-off function such that 

2 

supp(r?) gfi, 77 = 1 on f2 , and |Vt?(x)| < dist (^/ qq\ ■ 

Set u" := min(n,H) G H^{Q,C). Let us test (HT0|) with n 2 {v n )i- 2 V g X>^ 2 (f7,C) and take the 
real part. Observing that 5R(uVw) = |i/|V|i;| and using the elementary inequality 2ab ^ l/2a 2 + 2& 2 
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and the diamagnetic inequality (see Lemma |A.1[) . we thus obtain 



(q-2) / w 2 {x)r!\x){v n {x)y- 2 X {y ^My)\<n}(x)Mv\{x)\ 2 dx 
Jn 

, l A (o)| 2 

+ / w 2 (x)T 1 2 (x){v n (x)) q - 2 \Vv(x)\ 2 dx + ' 



w 2 (x)r} 2 (x)(v n (x)) q ~ 2 \v(x)\ 2 dx 



n M' 

+ 2 / w 2 (x) v 2 (x)(v n (x)) q - 2 ^^- ■S(v(xWv(x))dx 
Jn m 

w 2 '(x)$t(V(x))r 1 2 (x)\v(x)\ 2 (v n (x)) q - 2 dx-2 [ w 2 {x)r 1 (x)(v n (x)) q - 2 \v(x)\V\v\(x) ■ V V (x) dx 



< / w 2 *(x)3?(t/(a;))?7 2 (2;)|w(x)| 2 (w"(a;)) 9 - 2 da; + 2 / w 2 (x)\Vr)(x)\ 2 (v n (x)) q - 2 \v(x)\ 2 dx 
Jn 



1 

+ 2 
and hence 
(115) 



w z {x)7 1 2 (x)(v n (x)) 



A(— ) 

V«(a;) + ^ f! «(a;) 



(q-2) / u; 2 (a;)?7 2 (a ; )(«"(x)) 9 - 2 X {!yef i>( y )|<n}(a;)|V|?;|(a ; )| 2 dx 

2 



A(A) 
Vu(x) + i — | | t;(x) 



< / w 2 '(xMV(x)) V 2 (x)\v{x)\ 2 {v n {x)) q - 2 dx + 2 / w 2 (jr)|V»;(a;)| 2 (« n (as))«- 2 |t;(a:)| 2 da! 



Furthermore, by diamagnetic inequality (see Lemma I A. Q we have that 

A( — ) 

(116) 



\x\ 



V((u")2- 1 ^) 



2 A( A) 



|A(A)| 2 



(q + 4)(« 2) (w „ )g _ 2 ^ 2|Vw „ |2 + 2(u „ )9 - 2?? - 

+ ^( w »)«-3|t,|a|V^| 



a (r) 



2 

Letting C(q) := min { ^4}, from (| 1 1 5[) and (|116[) we obtain 



(117) 



C{q) / 



A(— ) 



da; 



< / u. 2 *(x)5R(^(a;))?7 2 (a;)|w(x)| 2 ( W ™(x)) 9 - 2 da; 
Jn 

+2 / W 2 (x)(w"(x))^ 2 |w(x)| 2 |V77(a;)| 2 da; + C(g)^-^ / w 2 (x)(v n (x)) q - 2 \v(x)\ 2 \Vr 1 (x)\ 2 dx 
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Estimate (|114p applied to r)(v n )% 1 v gives 

(118) / w r (x)(3i(V(x))) + \r 1 (x)(v n (x))i- 1 v(x)\ 2 dx^£ q I w 2 ' (x)\ri(x){v n {x))^- l v(x)\ 2 dx 



1 2 , , , a 



min < — , > w (x) 

' 8' g + 4 n ' 



12 



Vfafo")*-^)^ + i A y, |x|) j 7 (aj)(w ,l (a;))*- 1 t;(a;) 
\x\ 

Using (fTT8|) to estimate the term with V in (fiTTf . (fT04| yields 



2 



o / C(q)S(A,a) J n 



4 + C(q)(q + 2) 
C(q)S(A,a) 

^ — . ' . / ™ 2 (x)r/ 2 (x)|w"(x)| 9 - 2 |w(x)| 2 ria; 



w 2 (x)|w"(x)|^ 2 |v(x)| 2 |V77(x)| 2 ria; 



C(q)S(A,a) J n 
8 



^ 2 (ar)|^(^)|«- 2 ^(ar)| 2 |V77(^)] 2 tir. 

C(q')S'(A,a) J n 

Letting n — > oo in the above inequality, (|llip follows. □ 

Remark 9.2. It is possible to extend the result of Lemma |9"7T1 also to the case 

(»(V))+ 6 L^W^C) 

and obtain estimate (jllip . Indeed, by the previous summability assumption on (^R.(V))+, it is 
possible to find l q such that 

w 2 {x)(n(V{x)))l dx ^ mm | y g \ g + 4 

But we have not a control on the constant i q in terms of q as in Lemma |9 . 1 1 since it is not possible 
to apply Holder's inequality in (|113|) when s = N/2. The rest of the proof in the case s = N/2 
coincide with the proof of Lemma 19.11 

The previous lemma allows starting a Brezis-Kato type iteration. 

Theorem 9.3. Let O C R N , N ^ 3, be a bounded open set containing 0, ifA.2)) . i fA.3)) and i fA.5)) 
hold. 

i) IfV is such such that <E L s (w 2 * , O, C) for some s > N/2, then, for any il' <s ft, 

there exists a positive constant 

Coo = Coo (N, A, a, || (R(7))+|U. (wa - AQ , dist(0', 90), C(Sl, ft')) 

depending only on N , A, a, \\($1(V)) + \\ L b( w 2* ^^j, dist(Sl / , dfl), and C(Q,tt'), such that 
for any weak H 1 ^,^!)- solution u to 

(119) C A , a u(x) = w 2 *~ 2 {x)V(x)u(x), inn, 

there holds \x\^ a u S L°°(Q',C) and 

l|M~" u IL~(fi',c) < C ^W u \\L^(n,c)- 



SCHRODINGER EQUATIONS WITH SINGULAR ELECTROMAGNETIC POTENTIALS 



41 



ii) IfV is such that (5R(V))+ £ L N / 2 {w r , fl, C), then, for any Q' <§ fi and for any s > 1, 
iftere exists a positive constant 

c s = c s (n, a, a , m(v))+\\ LN/ 2 (w2 * AC) , S , dist(fi', an), c(n, n')) 

depending only on N, A, a, ||(5R(^ / )) + ||L«/ 2 (io 2 *,a,C)' s > dist(n', dCl), and C(Q,Q'), such 
that for any weak H 1 ^^)- solution u to hllty) in CI there holds |a;|~ CT ii £ L s (w 2 , n',C) 
and 

Proof, i) Let u be a weak i? 1 (n, C)-solution to (|119p . It is easy to verify that v := u> -1 u belongs 
to i?i(n, C) and is a weak solution to (jllOp . Let i? > be such that 

n' <E n' + B(o,2i?) (s n. 

Using Lemma iU in fix := n' + B(0,R{2 - n)) «g n' + B(0,2iJ), n = 1, with q = g a = 2*, we 
infer that v £ (w 2 ,Q\,C) and the following estimate holds 

t(2-2* 



l 2^ (w 2 ' ,n 



Using again Lemma ICT in n 2 := CI' + B(0,R(2 - n - r 2 )) g n t , r 2 = |, with q = q 2 = (2*) 2 /2, 



(2* ) J * 

we infer that v £ (w 2 , n 2 , C) and 



l^t— («>=*, o 2 ,C) V c (92j (-R^r C{q 2 )J y 

< 5(A,a) ( <Ji + 52' 1 x ' — ^ ' ^- ■ 



\C{ qi ) (Rn) 2 C( qi ) 

( 32 M 2 - 2 ' {C{Vl,n')Y {2 - T] 2£ q2 \t 



Setting, for any n 6 N, « ) 1 



9n=2 (y) ' " n := n '+- B (°.- R ( 2 -2 r *))' and r ™ = ^2-' 



and using iteratively Lemma I^Tl we obtain that, for any n £ N, n ^ 1, 

- £ — 

(120) ||u||l^+h» 2 *,o',C) < IMIz*»+i(w»-,n„,C) < ll«llL 2 -(^*,nx)(<S(A,a)) fc=1 " k x 

v A / 32 M 2 - 2 '(g(n,nQ) g(2 - 2,) 2^ ^ 

11 I n(n,.\ (U r , \^ 



£J[\C(<lk) (Rr k ) 2 C(q 

We notice that 



k=l 



" / 3 2 M^(c(n,no)— 2 y Y c::p v & 



fc=i 
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where 

^£7(2-2*) 



1 / 32 M 2 " 2 * (£7(^,0'))^ 24 
■ l°g 



9fc b VC(<? fe ) (i?r fc ) 2 C(q k ) 

and, for some constant C = C(N, A, a, \\(&(V))+\\ L . (w 2* iQiC) ,(i3st(Sl' , dCl), C(Cl,Cl')), 



1 / 2 x/ 



2 V 2 



log 



C 2 



2* X"- \ 2s~N 



as fc — > +oo. 



Hence X^n=i converges to some positive sum depending only on N, A, a, || (3?(X^))+ 1| (u,2* ,n,C) ^ 
dist(fl' : dfl), £7(0,^'), hence 

ton (MA a))-g^fTf 32 jtf2 - 2 '(^ n '" / )) g(2 " 2 ' ) | 



is finite and depends only on N, A, a, \\(3l(V))+\\ L s( w 2* ^,c)> dist(0', dCl), C(f2, f2'). Hence, from 
(|i20[) . we deduce that there exists a positive constant C depending only on ||(K(V))+|| i 8(, 1 j2* i n,c)) 
N, A, a, dist(fi',0fi), £7(0,0'); such that 



IMIl^+i^-^c) ^ c ll u IL 2 *(™ 2 *,n,c) for a11 n£N. 

Letting n — * +oo we deduce that \v\ is essentially bounded in O' with respect to the measure w 2 dx 
and 

IMU°°(w 2 *,Q',c) *S C ll u llL a *(tu 2 *,fi,c) = C ll w llL 2 *(n,i 



where |H|loo(,„2* qi C ) denotes the essential supremum of v with respect to the measure w 2 dx. 
Since w 2 dx is absolutely continuous with respect to the Lebesgue measure and vice versa, there 
holds |ML-(^*,f2',c) = IMU°°(n',c), he nce v e L°°(fl', C) and 

IMU°°(n',c) < C ll u llL2*(n,c) ; 
thus completing the proof of part i). We recall that for any x £ \ {0} we have 
|xp CT u(a;) = w~ (x)(j)(x/\x\)u(x) = cf>(x/\x\)v(x) ^ (max.(j))v(x). 

ii) Since u £ H 1 ^, C) is a weak solution to (jll9[) then v := w~ 1 u 6 if^(Q, C) is a weak solution 
of (IllOp . Using Remark 19.21 and the iterative scheme used to prove part i), for any 1 ^ s < oo, 
after a finite number of iterations we arrive to v £ L s (w 2 , CI' , C) and 

IMIz, s 2 *,ra',c) ^ Cs|ML 2 *(V\q,c)- 
This completes the proof. □ 

Applying Theorem 19.31 to the nonlinear equation ((3J, we can obtain a pointwise estimate for 
solutions to ([3]). 

Theorem 9.4. Let O C N ^ 3, be a bounded open set containing 0, ifA.2)) . i fA.3)) and i fA.5)) 

hold. Let u be a weak ii/^O, C)- solution of (0) with f(x,u) satisfying XTien for any O' <s O 
i/iere exists a positive constant 

Coo = c 00 (N,A,a,c f ,dist(n',dn),d(n,n')) 
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depending only on N, A, a, Cf, dist(r2', dfl), and C(Cl,Ct'), such that \x\ a u G L°°(fl',C) and 
(121) IIM^IIl-^C) < CoolKHia^n.C)- 

Proof. If we put 

V(x)-=i v 2 - 2 ' 1 ^' ifu(x)^0, 
' ' \ 0, if u(x) = 0, 

then, by © and the Sobolev embedding if^fi, C) C L 2 ' (Q, C), we have that V € L N / 2 (w r , ft, C) 
and it weakly solves 

£a,o,u(x) — w 2 ~ 2 V(x)u(x) in f2. 

From part ii) of Theorem l9"lil it follows that \x\~ a u € L s (w 2 * , ft', C) for any ft' <g fi and for 
any s 1. Fix now so = + £o with < Eq < 4j^p^ ■ By (O we easily deduce that 
V 6 L S0 (w 2 , ft', C). The proof of the theorem follows now by part i) of Theorem 19.31 □ 

The a-priori estimate of solutions to the nonlinear problem obtained above, allows deducing 
Theorem 11.61 from Theorem 11.31 



Proof of Theorem 11.61 for N ^ 3. Note that all the assumptions of Theorem 19.41 are verified 
and hence 

(122) \u(x)\ = 0{\x\°) as|x|^0, 

where a > is defined by (TTO2")) . Therefore, by © and (Tm|) , 



f(x,u) 




^ const ^ 


u 





for some constant const > 0. Hence, the function 

Mar) := ^ «(*) ^ U 

w | if = 

satisfies h(x) = 0(\x\~ 2+e ) as \x\ — > + for some £ > 0. On the other hand, by Remark 1 1.21 we also 
have u € 1^,(0 \ {0}) and in turn by ([7]), /i £ -L{^ c (f2 \ {0}). This shows that all the assumptions 
of Theorem 1 1.31 are satisfied and the proof of Theorem 1 1 . 61 follows in the case N 3. The proof of 
Theorem ll.6l in the case N = 2 is postponed to section [TO] □ 

Proof of Theorem 11.71 for N ^ 3. It follows from Theorems 11.51 and 11.61 by the use of the 

Kelvin transform. □ 

Since the proof of the pointwise a-priori estimate (|12ip (and then of Theorems 11.61 and |1.7[1 in 
dimension N — 2 originates from a different inequality than (|104[) and requires a little bit different 
notation, we devote the next section to a sketched description of the modifications to be made in 
the above argument to treat the case iV = 2. 
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10. A BREZIS-KATO TYPE LEMMA IN DIMENSION N = 2 

Similarly to section^ for N — 2 we define the spaces T>l' 2 (fl, C) and 2?i;^(f2, C) as the comple- 
tion of C^°(r2 \ {0}, C) respectively with the norms 



and 



I u llz>i' 2 (r2,c) 



Mlx>* i2 „(n,c) 



Vu(x)| 2 + 



\u(x)\< 



dx 



1/2 



w z |vu(x)r + 



\u(x)\' 



dx 



1/2 



where f2 C 1R 2 is a bounded domain containing the origin and w is defined by (|103|) . We observe that 
the space 2V (CI, C) is smaller than Hq(Q, C). Moreover, it easy to verify that v G T>*] w (n,C) 
if and only if wv € 2?i' 2 (f2,C). Similarly, we define the space Hi w (Cl,C) as the completion of 
{v E H 1 ^, C) n C°°(f2, C) : v vanishes in a neighborhood of 0} with respect to the norm 



\ v \\m „,(fi,' 



|v^)| 2 + ^# + K*)| 2 



r/.r 



1/2 



The following weighted Poincare-Sobolev inequality holds. 

Proposition 10.1. Let N = 2 and a, A satisfying ifA.2|) . ifA.3)) and i fA.5l) . Then, for any 
1 ^ p < oo, 



(123) S(A,a,p,fi) = inf 

u6i?i ,2 (n,c)\{o} 



aCx/lxH i / \ i9 



r/.r 



|u(x)|Pdx 



2/P 



> 0. 



Moreover 
(124) 



10 



7v(x) + i A[x ^ ] v{x) 2 dx > S(A, a,p, n) f y w p |w(x)| p dx 



/or a/Z v £ 2?i' 2 (r2, C). 

Proof. Inequality (|123|) follows by Lemma 12.21 and classical Poincare-Sobolev inequality. To 
obtain the second part of the statement, by density it is sufficient to prove inequality (|124[) for 
functions v £ C^°(fl \ {0}, C) as one can easily do by following the same procedure developed in 
the proof of Proposition 18.21 □ 



Remark 10.2. We notice that the constant in (|124| depends on the domain O, unlike the constant 
appearing in (|104[) in the case N = 3 and p = 2*. Moreover 5 (A, a,p, fl) is decreasing with respect 
to fl, i.e. if Qi C 2 then S(A, a,p, fix) ^ 5(A, a,p, fi 2 )- 

We are now ready to prove the following 2-dimensional version of Lemma 19.11 
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Lemma 10.3. Let O C R 2 be a bounded open set containing 0, i fA.2|) , i fA.3|) . JA.5)) hold, and, 
for some p > 2 and q > 2, let v G Hl w (Sl, C) n L q (w p , O, C) be a weak solution to 

- div(wT(a;)V?;(:E)) ^ n " , 1 1 — w 2 (x)v(x) 

R 

A(A) 

- 2i w 2 (a;) 7 • V«(x) = w p (x)y(x)u(a;), m O, 
M 

w/iere (3?(V)) + € L s (iu p ,0,C) /or some s > T/ien, /or any 0' eg suc/i tfcai € 0', 

v € Lt^p^'.C) and 

/ 32 M 2 ~ p (C{Sl,Sl')Y (2 ~ p) 2l q \« 
IMU(^,n<c) < S(A,a,p,n) x (dist(0', c>0))2 + C^) J ' 

w/iere C(g) := min{±, ^L}, 5(0,0') = dist(0, IR^ \ SI'), M = min S iv-i > and 

8ii(K(^))+ir/r 2 J )/ p 0+ 4 , 



3 (p-2)-p 



S(A,a,p,0) 2S'(A,a,p,0) 1 

Proof. The proof may be obtained proceeding as in the proof of Lemma T9. II and using (|124p in 
place of QUI). □ 



The counterpart in dimension N — 2 of Theorem 19.31 is the following Brezis-Kato type result. 

Theorem 10.4. Let SI C K 2 be a bounded open set containing 0, JA.2I) . i f A. 3)) . JA.5|) hold, and 
let p > 2. 

i) J/ V is such that (3l(V))+ G L s (w p , SI, C) /or some s > -j^, then, for any SI' <s SI, there 
exists a positive constant 

= Coo.afap, A, a, ||(»(V)) + |U- (u „ A c) > dist(0', 50), C(Sl, SI')) 

depending only on SI, p, A, a, ||(5?(V"))+||i»(,„p ) n,c)i dist(£7 dSl), and C(Sl,Sl'), such that 
for any weak Hl(Sl,C)-solution u to 

(125) £amu(x) = w p ~ 2 V(x)u(x), in Si, 

there holds \x\-"u G L°°(0',C) and 

IN -<7u ILo°(n',c) ^ C °°< 2 IMU»(n,c)- 

ii) If V is such that (3?(V))+ G (w p , SI, C), £/ien, /or any O' <e SI and for any 1 ^ s < oo 
t/iere exists a positive constant 

C s>2 = C sa (Sl,p, A, a, \\ (to{V))+ \\ L *( w *,n,C), dist(0', 90), 5(0, fl')) 

depending only on SI, p, A, a, \\(^t(V))-\-\\i,*f w p,Q,c)> dist(0', 90), and (7(0,0'), smc/i i/iai 
/or any weak Hi (SI, C) -solution u to t!25)) in SI there holds \x\~ a u G L s (w p ,Sl',C) and 

llM^lli-^.n'.c) < C «.2 ||u||ip(n,c)- 
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PROOF. This theorem can be proved by iterating the estimate proved in Lemma [l0.3l and following 
the same scheme as in the proof of Theorem 19.31 We notice that the constants S(A, a,p, fij) 
appearing at each step (at a negative power) can be uniformly controlled with S(A, a,p, f2) in view 
of Remark □ 

From the above analysis, the proofs of Theorems 11.61 and 1 1 . 71 in dimension N — 2 follow. 



Proof of Theorem 11.61 for N = 2. Arguing as in the proof of Theorem l9.4l from Theorem 1 10. 41 
we deduce that \u(x)\ — 0(1x1°") as |a;| — * 0. In particular, from ([7]), the function ^ x u ^}^ X{ x:u ( x )^q} 
is bounded. The conclusion then follows from Theorem II. 31 □ 



Proof of Theorem 11.71 for N = 2. As in dimension N ^ 3, it follows from Theorems 11.51 and 

□ 



1.61 by the use of the Kelvin transform. 



Appendix 

We recall the following well known result proved in [22] . 
Lemma A.l. (Diamagnetic inequality) Let N ^ 2. If u £ T>l' 2 (R N ,C) then 



\V\u\(x)\ ^ 



_ , , ,A(x/\x\) . , 
Vu(x) + i . u u(x) 



for a.e. x £ 



piV 



Proof. We only give an idea of the proof. We have 

u(x) 



(126) 



VufaO 



\u{x)\ 



Vu{x) 



_ . . .A(x/\x\) , . 
Vu(x) + i | u u(x) 



u(x) 

W)\ 



Vu(x) 



Mx/\x\) 



u(x) 



for a.e. x £ 



I A 



□ 



An analogous result can be easily shown also for Hl(£l, (C)-functions. The following lemma allows 
comparing assumptions (|A.4p and (|A.5[) . 

Lemma A. 2. Let N ^ 2 and assume that iA.2\) and IIA.3\) hold. Then /xi(A,a) fii(0,a) with 
equality holding if and only if curlj^j = in a distributional sense. 

Proof. The fact that ni(A, a) ^ /xi(0, a) follows by (f2"Tj) and the diamagnetic inequality on the 
sphere 

(127) |Vs*r-iM(0)| < \V S N-iil)(6)+iA(6)<il}(6)\ for a.e. 9 £ 

which holds for any function rp £ H 1 (S N ^ 1 ). Indeed if £ 7? 1 (§ JV_1 ) is a nontrivial eigenfunction 
of /Ui(A, a) then 



(128) 



Mi (A, a) = 



/ S iv-i [Vg^l(g) + lAjO^m 2 dS - J^., a(8)\M0)\ 2 dS 
J SN ^ \M0)\ 2 dS 

J^-i gg^hWjf dS - J SN ^ a(0)\M0)\ 2 dS 
2 - — — — £ fii(V,a). 



J sN ^\M0)\ 2 dS 

We start by assuming that /ii(A, a) — /ii(0, a). Let ipi be as in (|128p so that by (|127p we infer 



(129) 



\V S N-iM6)+iM0)M0)\ = |V SJ v-i|Vi|(^)| 



for a.e. 9 £ 
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Similarly to (|126[) we have 



(130) \^-i\tpi\(e)\ < 

which together with (I129[) gives 

3(V> 1 (0)(Vs*-iV'i(0) + »A(0)V>i(0))) = for a.c. 9 e § 



< |Vsiv-iVl(fl)+ ^(0)^(0)1 



and in turn 



A{9) = _ Q ( v^(g) \ for ae fl £ 
AQr/M) _ / v(^i(x/N)) \ forae:ceM iv 

By direct computation this gives curl^ = in a distributional sense. 

Suppose now that curljjy = in a distributional sense and let us prove that /Ki(A, a) = /ii(0, a). 
By [20] we have that there exists <j> € Lj oc (R iV ') such that V0 = t^t in a distributional sense. From 
(|A.3j) it follows that 0(a;) = ^(ifr) and V §n-i0 = A. Let VP be a nontrivial cigcnfunction of 
/ii(0, a) and define the angular function ip(6) by 

Then 

fss-i IVsh-xVW + zA(#)^)| 2 - / sw _ x a(W(#)| 2 



This implies 



|Ui(A,a) < 



j SN ^\m\ 2 ds 

|V S *-ltf (0)| 2 - U_ x «(6»)|*(^)| 2 



Mi(0,a). 



Since the reverse inequality is always verified the proof is complete. □ 

The following Hardy type inequality with boundary terms is due to Wang and Zhu 27 1. 
Lemma A. 3 (Wang and Zhu). For every r > and u £ H 1 (B r ,C) there holds 

(131) ^ \Vu( X )fd X + ^ \ u ( x )fdS>(^lj jf l -^fdx. 

Proof. See [27J Theorem 1.1]. □ 

The following lemma establishes the relation between the classical H 1 -space on the sphere and 
its magnetic counterpart, 

Lemma A.4. If N ^ 2 and A e L°°(S N ~ 1 ,'R N ), then the space H^^- 1 ) defined in (TMEW 
coincides with the Sobolev space 

H\S N -\C) := e L 2 (§ N ~\C) : V s n-^ e L 2 (S n ~\C n )}. 

Moreover the norms \\ ■ \\h^(s n ~ 1 ) an d 

|j? 1 (S JV - 1 ,C) : = ( l|V§iV-l • || L 2( S N-1 ;C JVJ + || ' IIl2( S N-1 j 



48 



VERONICA FELLI, ALBERTO FERRERO, AND SUSANNA TERRACINI 



are equivalent. 

PROOF. It follows easily from boundedness of the function 6 i— > |A(0)|. □ 
We finally describe the spectrum of angular operator La, a- 

Lemma A.5. Let a G L°° {E, N - 1 ,M) and A E C 1 (E> N ^ 1 ,R N ). Then the spectrum of the operator 
Ia,o on S^ -1 consists in a diverging sequence of real eigenvalues with finite multiplicity /Ui(A, a) ^ 
/i2(A, a) ^ ■ • ■ ^ jtXfc(A, a) ^ • • • the first of which admits the variational characterization i21\) . 

Proof. For A = 1 + ||a|| io = (s ^-i !R) , the operator T : L 2 ^^ -1 , M) -> L 2 (E, N -\R) defined as 

T f = u if and only if ( — i Vgjv-i + A) 2 u — au + Xu = f 

is well-defined, symmetric, and compact. The lemma follows then from classical spectral theory. 

□ 
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